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ABSTRACT. We prove the existence of dynamical delocalization for random
Landau Hamiltonians near each Landau level. Since typically there is dynam-
ical localization at the edges of each disordered-broadened Landau band, this
implies the existence of at least one dynamical mobility edge at each Landau
band, namely a boundary point between the localization and delocalization
regimes, which we prove to converge to the corresponding Landau level as
either the magnetic field or the disorder goes to zero.

1. INTRODUCTION

In this article we prove the existence of dynamical delocalization for random Lan-
dau Hamiltonians near each Landau level. More precisely, we prove that for these
two-dimensional Hamiltonians there exists at least one energy E near each Landau
level such that G(E) > %, where G(E), the local transport exponent introduced
in [GK5], is a measure of the rate of transport for which E is responsible. Since
typically there is dynamical localization at the edges of each disordered-broadened
Landau band, this implies the existence of at least one dynamical mobility edge at
each Landau band, namely a boundary point between the localization and delocal-
ization regimes, which we prove to converge to the corresponding Landau level as
either the magnetic field or the disorder goes to zero.

Random Landau Hamiltonians are the subject of intensive study due to their
links with the quantum Hall effect [Kli], for which von Klitzing received the 1985
Nobel Prize in Physics. They describe an electron moving in a very thin flat conduc-
tor with impurities under the influence of a constant magnetic field perpendicular to
the plane of the conductor, and play an important role in the understanding of the
quantum Hall effect [L, AoA, T, H, NT, Ku, Be, AvSS, BeES]. Laughlin’s argument
[L], as pointed out by Halperin [H], uses the assumption that under weak disor-
der and strong magnetic field the energy spectrum consists of bands of extended
states separated by energy regions of localized states and/or energy gaps. (The
experimental existence of a nonzero quantized Hall conductance was construed as
evidence for the existence of extended states, e.g., [AoA, T|.) Halperin’s analysis
provided a theoretical justification for the existence of extended states near the
Landau levels, or at least of some form of delocalization, and of nonzero Hall con-
ductance. Kunz [Ku] stated assumptions under which he derived the divergence of
a “localization length” near each Landau level at weak disorder, in agreement with
Halperin’s argument. Bellissard, van Elst and Schulz-Baldes [BeES] proved that,
for a random Landau Hamiltonian in a tight-binding approximation, if the Hall
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conductance jumps from one integer value to another between two Fermi energies,
then there is an energy between these Fermi energies at which a certain localiza-
tion length diverges. Aizenman and Graf [AG] gave a more elementary derivation
of this result, incorporating ideas of Avron, Seiler and Simon [AvSS]. (We refer
to [BeES] for an excellent overview of the quantum Hall effect.) But before the
present paper there were no results about non trivial transport and existence of a
dynamical mobility edge near the Landau levels.

The main open problem in random Schriodinger operators is delocalization, the
existence of “extended states”, a forty-year old problem that goes back to Ander-
son’s seminal article [An]. In three or more dimensions it is believed that there
exists a transition from an insulator regime, characterized by “localized states”, to
a very different metallic regime characterized by “extended states”. The energy at
which this metal-insulator transition occurs is called the “mobility edge”. For two-
dimensional random Landau Hamiltonians such a transition is expected to occur
near each Landau level [L, H, TJ.

The occurrance of localization is by now well established, e.g., [GoMP, FrS,
FrMSS, CKM, S, DrK, KILS, AM, FK1, A, Klol, CoH1, CoH2, FK2, FK3, W1,
GD, KSS, CoHT, ASFH, DS, GK1, St, W2, Klo2, DSS, K1IK2, GK3, AENSS, BouK]
and many more. But delocalization is another story. At present, the only mathe-
matical result for a typical random Schrodinger operator (that is, ergodic and with
a locally Holder-continuous integrated density of states at all energies) is for the
Anderson model on the Bethe lattice, where Klein has proved that for small disorder
the random operator has purely absolutely continuous spectrum in a nontrivial in-
terval [K11] and exhibits ballistic behavior [K12]. For lattice Schrédinger operators
with slowly decaying random potential, Bourgain proved existence of absolutely
continuous spectrum in d = 2 and constructed proper extended states for dimen-
sions d > 5 [Boul, Bou2|. For lattice Schrodinger operators, Jaksic and Last [JL]
gave conditions under which the existence of singular spectrum can be ruled out,
yielding the existence of absolutely continmuous spectrum. Two other promising
approaches to the phenomena of delocalization do not work directly with random
Schrédinger operators; one studies delocalization in the context of random matrices
[DiPS, BMR, SZ], and the other studies a scaling limit of a random Schrédinger
equation up to a disorder dependent finite time scale [ErY, Che, ErSY].

But what do we mean by delocalization? In the physics literature one finds the
expression “extended states,” which is often interpreted in the mathematics liter-
ature as absolutely continuous spectrum. But the latter may not be the correct
interpretation in the case of random Landau Hamiltonians; Thouless [T] discussed
the possibility of singular continuous spectrum or even of the delocalization occur-
ring at a single energy. In this paper we rely on the approach to the metal-insulator
transition developed by Germinet and Klein [GK5], based on transport intead of
spectral properties. It provides a structural result on the dynamics of Anderson-
type random operators: At a given energy E there is either dynamical localization
(B(E) = 0) or dynamical delocalization with a non zero minimal rate of tranport
(B(E) > o, with d the dimension). An energy at which such a transition occurs
is called a dynamical mobility edge. (The terminology used in this paper differs
from the one in [GK4, GK5], which use strong insulator region for the intersection
of the region of dynamical localization with the spectrum, weak metallic region for
the region of dynamical delocalization, and transport mobility edge for dynamical
mobility edge.)
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We prove that for disorder and magnetic field for which the energy spectrum
consists of disjoint bands around the Landau levels (as in the case of either weak
disorder or strong magnetic field), the random Landau Hamiltonian exhibits dynam-
ical delocalization in each band (Theorem 2.1). Since the existence of dynamical
localization at the edges of the bands is known [CoH2, W1, GK3], this proves the
existence of dynamical mobility edges. We thus provide a mathematically rigor-
ous derivation of the previoulsly mentioned underlying assumption in Laughlin’s
argument.

We also address the issue of the location of the delocalized energies in each
disorder-broadened Landau band. Percolation arguments and numerical results in-
dicate that for large magnetic field there should be only one delocalized energy,
located at the Landau level [ChD]. We prove that these predictions hold asymp-
totically. That is, for the random Landau Hamiltonian studied in [CoH2, GK3],
we prove that delocalized energies converge to the corresponding Landau level as
the magnetic field goes to infinity (Corollary 2.3). We also prove this result as
the disorder goes to zero for an appropriately defined random Landau Hamiltonian
(Corollary 2.4).

Our proof of dynamical delocalization for random Landau Hamiltonians is based
on the use of some decidedly nontrivial consequences of the multiscale analysis
for random Schrodinger operators combined with the generalized eigenfunction ex-
pansion to establish properties of the Hall conductance. It relies on three main
ingredients:

(1) The analysis in [GK5] showing that for an Anderson-type random Schrédinger
operator the region of dynamical localization is exactly the region of applicability of
the multiscale analysis, that is, the conclusions of the multiscale analysis are valid
at every energy in the region of dynamical localization, and that outside this region
some nontrivial transport must occur with non zero minimal rate of transport.

(2) The random Landau Hamiltonian satisfies all the requirements for the mul-
tiscale analysis (i.e., the hypotheses in [GK1, GK5]) at all energies. The only
difficulty here is a Wegner estimate at all energies, including the Landau levels, a
required hypothesis for applying (1). If the single bump in the Anderson-style po-
tential covers the unit square this estimate was known [HuLMW]. But if the single
bump has small support (which is the most interesting case for this paper in view
of Corollary 2.3), a Wegner estimate at all energies was only known for the case of
rational flux in the unit square [CoHK]. We prove a new Wegner estimate which
has no restrictions on the magnetic flux in unit square (Theorem 4.1). This Wegner
estimate holds in appropriate squares with integral flux, hence the length scales of
the squares may not be commensurate with the distances between bumps in the
Anderson-style potential. This problem is overcome by performing the multiscale
analysis with finite volume operators defined with boundary conditions depending
on the location of the square (see the discussion in Section 4).

(3) Some information on the Hall conductance, namely: (i) The precise values
of the Hall conductance for the (free) Landau Hamiltonian: it is constant between
Landau levels and jumps by one at each Landau level, a well known fact (e.g.,
[AVSS, BeES]). (ii) The Hall conductance is constant as a function of the disorder
parameter in the gaps between the spectral bands around the Landau levels, a result
derived by Elgart and Schlein [ES] for smooth potentials and extended here to more
general potentials (Lemma 3.3). Combining (i) and (ii) we conclude that the Hall
conductivity cannot be constant across Landau levels. (iii) The Hall conductance is
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well defined and constant in intervals of dynamical localization. This is proved here
in a very transparent way using a deep consequence of the multiscale analysis, called
SUDEC, derived from a new characterization of the region of dynamical localization
[GK6]. SUDEC is used to show that in intervals of dynamical localization the
change in the Hall conductance is given by the (infinite) sum of the contributions
to the Hall conductance due to the individual localized states, which is trivially seen
to be equal to zero. (See Lemma 3.2. This constancy in intervals of localization
was known for discrete operators as a consequence of the quantization of the Hall
conductance [BeES, AG]. An independent but somewhat similar proof for discrete
operators with finitely degenerate eigenvalues is found in the recent paper [EGS].
We do not need to rule out eigenvalues with infinite multiplicity for random Landau
Hamiltonians; they are controlled using SUDEC.) Combining with (i) and (ii), we
will conclude that there must be dynamical delocalization as we cross a Landau
level.

It is worth noting that each of the three ingredients (1), (2) and (3) is based on
intensive research conducted over the past 20 years. (1) relies on the ideas of the
multiscale analysis, originally introduced by Frohlich and Spencer [FrS] and further
developped in [FrMSS, Dr, DrK, S, CoH1, FK2, GK1]. (2), namely the Wegner
estimate, originally proved for lattice operators by Wegner [We], is a key tool for
the multiscale analysis, and it has been studied in the continuum in [CoH1, Klol,
HuLMW, CoHN, HiK, CoHK]. (3) has a long story in the study of the quantum
Hall effect [L, H, TKNN, Ku, Be, AvSS, BeES, AG, ES, EGS].

In this paper we give a simple and self-contained analysis of the Hall conduc-
tance based on consequences of localization for random Schrodinger operators. In
particular, we do not use the fact that the quantization of the Hall conductance is
a consequence of the geometric interpretation of this quantity as a Chern charac-
ter or a Fredholm index [TKNN, Be, AvSS, BES, AG|. Our analysis applies when
the disorder-broadened Landau levels do not overlap (true at either large magnetic
field or small disorder). In a sequel, extending an argument of [AG] for discrete
operators, we will discuss quantization of the Hall conductance for ergodic Landau
Hamiltonians in the region where we have sufficient decay of operator kernels of the
Fermi projections. This fact is well known for lattice Hamiltonians [Be, BES, AG],
but the details of the proof have been spelled out for continuum operators only in
spectral gaps [AvSS]. Combining results from the present paper and its sequel we
expect to prove dynamical delocalization for random Landau Hamiltonians in cases
when the Landau bands overlap.

This paper is organized as follows: In Section 2 we introduce the random Landau
Hamiltonians and state our results. Our main result is Theorem 2.1, the existence
of dynamical delocalization for random Landau Hamiltonians near each Landau
level. This theorem is restated in a more general form as Theorem 2.2, which
is proved in Section 3. In Corollary 2.3 we give a rather complete picture for
random Landau Hamiltonians at large magnetic field as in [CoH1, GK3]: there are
dynamical mobility edges in each Landau level, which converge to the corresponding
Landau level as the magnetic field goes to infinity. Corollary 2.4 gives a similar
picture as the disorder goes to zero; it is proven in Section 5. In Section 4 we show
that random Landau Hamiltonians satisfy all the requirements for a multiscale
analysis; Theorem 4.1 is the Wegner estimate.
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Notation. We write (x) := /1 + |z|2. The characteristic function of a set A will
be denoted by x 4. Given x € R? and L > 0 we set

Ap(x) ={yeR?% ly—2lw <%}, Xor=Xar@) Xo'=Xo1.
C°(I) denotes the class of real valued infinitely differentiable functions on R with

compact support contained in the open interval I, with C2° (I) being the subclass
of nonnegative functions. The Hilbert-Schmidt norm of an operator A is written as

Al = vir A A.

Acknowledgement. The authors are grateful to Jean Bellissard, Jean-Michel
Combes, Peter Hislop and Fréderic Klopp for many helpful discussions.

2. MODEL AND RESULTS
We consider the random Landau Hamiltonian
Hpaw=Hp+ 2V, on L*R?dz), (2.1)
where Hp is the (free) Landau Hamiltonian,
Hp = (—iV —A)*> with A= Z(z5,—21). (2.2)

Here A is the vector potential and B > 0 is the strength of the magnetic field,
we use the symmetric gauge and incorporated the charge of the electron in the
vector potential). The parameter A > 0 measures the disorder strength, and V, is
a random potential of the form

Vo(z) = Z w;i u(x — 1), (2.3)
1€Z2
with u a measurable function satisfying u~xo., <u < utxo,s, for some 0 < g, <
Sy <ooand 0 < u~ < ut < oo, and w = {w;; i € Z?} a family of indepen-
dent, identically distributed random variables taking values in a bounded interval
[—Mq, Ms] (0 < My, My < 0o, My + My > 0) whose common probability distribu-
tion v has a bounded density p. (We write (2, P) for the underlying probability
space, and E for the corresponding expectation.) Without loss of generality we set
1> ieze ulz — z)”oo =1, and hence —M; <V, (z) < M,.
Hp . is a random operator, i.e., the mappings w — f(Hp ) are strongly
measurable for all bounded measurable functions on R. We define the magnetic
translations U, = U,(B), a € R?, by

(Uat) () = o5 (2001920 (¢ — ), (24)
obtaining a projective unitary representation of R? on L?(R2, dx):
U Up = €3 (@bimaiba)y — giBlasbi—aibo) gy g p e 72, (2.5)

We have U, HgU] = Hp for all a € R?, and for magnetic translation by elements
of Z? we have the covariance relation:

UsHp Ul = Hp . foracZ? (2.6)

where (T,w); = wi—q, i € Z*. Tt follows that Hp ), is a Z?-ergodic random
self-adjoint operator on L?(R? dx); hence there exists a nonrandom set Y5\ such
that o(Hp x.) = Xp,» with probability one, and the decomposition of o(Hp )
into pure point spectrum, absolutely continuous spectrum, and singular continuous
spectrum is also independent of the choice of w with probability one [KM1, PF].
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The spectrum o(Hp) of the Landau Hamiltonian Hp consists of a sequence of
infinitely degenerate eigenvalues, the Landau levels:

B,=2n—-1)B, n=12,.... (2.7)
It will be convenient to set By = —oo. A simple argument shows that
Spa C | Bu(B,)), where B,(B,)) = (B, — AMy, B, + AMs]. (2.8)

n=1

If the disjoint bands condition
/\(M1 + MQ) < 2B, (29)

is satisfied (true at either weak disorder or strong magnetic field), the (disorder-
broadened) Landau bands B,,(B, \) are disjoint, and hence the open intervals

Gn(B,\) =|B,, + AMy, Bps1 — AMs[, n=0,1,2,..., (2.10)

are nonempty spectral gaps for Hp .. Moreover, if p > 0 a.e. on [—Mj, Ms] and
(2.9) holds, then for each B > 0, A > 0, and n = 1,2,... we can find a; g, €
[0, AM;], 7 = 1,2, continuous in A, such that [KM2, Theorem 4]

EBJ\ = U In(B7 )\)7 In(Ba )‘) = [Bn — a1,B,A\n» Bn + CLQ’B,)\’n] . (211)
n=1
Our main result says that under the disjoint bands condition the random Lan-
dau Hamiltonian Hp ), exhibits dynamical delocalization in each Landau band
B, (B, ). To measure “dynamical delocalization” we introduce

P . 2
Mppo(p X, 1) = ||(2) Fe™ 00w X (Hp )0 | (2.12)
2

the random moment of order p > 0 at time ¢ for the time evolution in the Hilbert-
Schmidt norm, initially spatially localized in the square of side one around the
origin (with characteristic function yg), and “localized” in energy by the function
X € C% (R). Its time averaged expectation is given by

1 e ¢
M (p, X,T) = / E{Mpro(n, X, 0} e F dt. (2.13)

0

Theorem 2.1. Under the disjoint bands condition the random Landau Hamilton-
ian Hp . exhibits dynamical delocalization in each Landau band B, (B, \): For
each n = 1,2,... there exists at least one energy E,(B,\) € B,(B,\), such that
for every X € C2° (R) with X =1 on some open interval J > E,(B,\) and p > 0,
we have

Mpa(p, X, T) > Cpx T30 (2.14)
for allT > 0 with Cp x» > 0.

Following [GK5], we introduce the (lower) transport exponent

. 10g+ MB,/\(anaT)

forp >0, X € O (R), (2.15)

where log, ¢ = max{logt,0}, and define the p-th local transport exponent at the
energy F by (I denotes an open interval)

ﬁB,)\(p7 E) = inf sup 637/\(197 X) (216)
I3E xecee, (1)
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The transport exponents Sp (p, E) provide a measure of the rate of transport for
which FE is responsible. They are increasing in p and hence we define the local
(lower) transport exponent Bp A(E) by

BeA(E) = ,}H{}o Bea(p, E) = 221())63,A(p, E). (2.17)

These transport exponents satisfy the ballistic bound [GK5, Proposition 3.2]: 0 <
B, X), BeA(p, E), Be.A(E£) < 1. Note that g \(E) =0if E ¢ Xp .

Using this local transport exponent we define two complementary regions in the
energy axis for fixed B > 0 and A > 0: the region of dynamical localization,

E]ED;,LA ={FeR; ppa(E)=0}, (2.18)
and the region of dynamical delocalization,
EPR={E€R; Bpa(E)>0}. (2.19)

Note that EPX is an open set and that 235 C ¥p .

We may now restate Theorem 2.1 in a more general form as

Theorem 2.2. Consider a random Landau Hamiltonian Hpg ) ., under the disjoint
bands condition (2.9). Then for alln =1,2,... we have

ER3 N B.(B,A) # 0. (2.20)
In particular, there exists at least one energy E, (B, \) € B, (B, \) satisfying (2.14)
and

By Ea(B,N) =~ — 2

1 1
17 > 0 for all p > 22 and Bp \(E,(B,\)) > T

Theorem 2.2 is proved in Section 3. We will prove (2.20), from which (2.21) and
(2.14) follows by [GK5, Theorems 2.10 and 2.11].

Next we investigate the location of the delocalized energy E,(B,\), and show
in two different asymptotic regimes that it converges to the n-th Landau level. We
recall that in the physics literature localized and extended states are expected to be
separated by an energy called a mobility edge. Similarly, there is a natural definition

(2.21)

for a dynamical mobility edge: an energy E e EBB\ N {Egﬁ N EB,A}, that is, an
energy where the spectrum undergoes a transition from dynamical localization to
dynamical delocalization.

In the regime of large magnetic field (and fixed disorder) we have the following
rather complete picture for the model studied in [CoH2, GK3], consistent with the
prediction that at very large magnetic field there is only one delocalized energy in
each Landau band, located at the Landau level [ChD].

Corollary 2.3. Consider a random Landau Hamiltonian Hp » ., satisfying the fol-
lowing additional conditions on the random potential: (i) u € C? and suppu C

D (0), the open disc of radius g centered at 0. (i) The density of the probabil-
2

ity distribution v is an even function p > 0 a.e. on [-M,M] (M = M; = Ms).

(iii) v ([0, s]) > cmin{s, M} for some ¢ > 0 and ( > 0. Fiz A\ > 0 and let B > 0

satisfy (2.9), in which case the spectrum X p y is given by (2.11) with

0<AM —ajgan <Con(A)B™2, j=12. (2.22)
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Then foralln=1,2,..., if B is large enough there exist dynamical mobility edges
E;.(B,\), j=1,2, with

max Ejn(B,A) = By| < K () 10;‘33 —0 as B — oo, (2.23)

By — a1, an < E10(B,A) < By (B, \) < By + a2, g an, (2.24)

(B, — 1,855 E1.0 (B, \)[U] B2, (B, ), By + az,p ) C EBK. (2.25)

(By Cp(N), Kn(X\) we denote finite constants. It is possible that Elﬁn(BJ\) =
Es (B, A), i.e., dynamical delocalization occurs at a single energy.)

Proof. The estimate (2.22) is proven in [CoH2], the existence of energies E; (B, \),
Jj = 1,2, satisfying (2.24), (2.25) and (2.23) is proven in [GK3, Theorem 4.1]. The

fact that we can choose E; (B, ), j = 1,2, that are also dynamical mobility edges
follows from Theorem 2.1. O

We now investigate the small disorder regime (at fixed magnetic field) and prove
a result in the spirit of Corollary 2.3. It is not too interesting to just let A — 0 in
(2.1), since the spectrum of the Hamiltonian would then shrink to the Landau levels
(see (2.8)) and the result would be trivial. In order to keep the size of the spectrum
constant we rescale the probability distribution v of the w]s by concentrating more
and more of the mass of v around zero as A — 0.

Corollary 2.4. Let p > 0 a.e on R be the density of a probability distribution v
with (u)?p(u) bounded for some v > 1. Fiz b > 0, and set vy to be the probability
distribution with density px(u) = cy \AA" p(A" ) x[_p ) (1), where the constant ¢y
is chosen so that vA(R) = vx([=b,b]) = 1. Define Hy, g x by (2.1) with A = 1 but
with the A dependent common probability distribution vy for the random variables
{w;; i € Z%}. Assuming B > b, (2.9) holds and the spectrum ¥p 5 given by (2.11)
is independent of A. Then for all n = 1,2,..., if X is small enough there exist
dynamical mobility edges E; ,(B, ), j = 1,2, satisfying (2.24) and (2.25), and we
have

max | Ej (B, \) = By < K (B)A |log\|" — 0 as\—0, (2.26)
i=1,

with a finite constant K, (B). Moreover, if the density p satisfies the stronger con-
dition of e|“‘ap(u) being bounded for some a > 0, the estimate in (2.26) holds with
K.(B)A|log A|= in the right hand side. (It is possible that By (B, \) = Ean(B,\),
i.e., dynamical delocalization occurs at a single energy.)

Corollary 2.4 is proven in Section 5.

3. THE EXISTENCE OF DYNAMICAL DELOCALIZATION

In this section we prove Theorem 2.2 (and hence Theorem 2.1). For conve-
nience we write Hp o, = Hp and extend (2.18) to A = 0 by Ep%y = R\o(Hp) =
R\{B,; n = 1,2,...}; the statements below will hold (trivially) for A = 0 un-
less this case is explicitly excluded. Given a Borel set J C R, we set Py 7. =
X7 (Hpaw). If J =] — o0, E], we write Pp x g, for Pp x]—oo,E]w, the Fermi pro-
jection corresponding to the Fermi energy E.

The random Landau Hamiltonian Hp x ., (A > 0) satisfies all the hypotheses in
[GK1, GK5] at all energies, as shown in Section 4. The following results are relevant
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to the proof of Theorem 2.2: RDL (region of dynamical localization), RDD (region
of dynamical delocalization), DFP (decay of the Fermi projection), and SUDEC
(summable uniform decay of eigenfunction correlations).

RDL). The region of dynamical localization ZPK is exactly the region of appli-
B

cability of the multiscale analysis, that is, the conclusions of the multiscale analysis
are valid at every energy E € Egﬁ\ [GK5, Theorem 2.8].

(RDD). Let A > 0. If an energy E is in the region of dynamical delocalization

Egg\ we must have Bp A\(E) > %; in fact, B A(p, E) > i - % > 0 for all p > 22.

Moreover, for each X € C2° (R) with X =1 on some open interval J > E we have
1

lim — X, T)= 1

Tl—Irnoo TO‘MB)\(p, ) ) o (3 )

for all &« >0 and p > 4a + 22 [GK5, Theorems 2.10 and 2.11].

(DFP). The Fermi projection Pp x g exhibits fast decay if the Fermi energy E
is in the region of dynamical localization Eg’L)\: IfE e ng)\ and ¢ €]0,1[ we have

g€
E {llmeB,xE,waHg} < Cepap e " forallz,y e 77 (3.2)

with the constant C¢ g x g locally bounded in E. (See [GKG6], the result is based on
[GK1, Theorem 3.8] and [BoGK, Theorem 1.4].) As a consequence, for P-a.e. w
and each ¢ €0, 1] there exists C¢ g a Ew < 00, locally bounded in E, such that

Cle—qyl¢
IXePBEwXylly < Comapw(@)(y) e = for all z,y € 7. (3.3)

(Sufficiently fast polynomial decay would suffice for our purposes. Note that in the
special case when E is in a spectral gap of Hp ., a simple argument based on the
Combes-Thomas estimate yields exponential decay, i.e., ¢ = 1.)

(SUDEC). ForP-a.e. w the Hamiltonian Hp ., has pure point spectrum in ng)\

with the following property: Given a closed interval I C Eg’L)\, let {¢nwinen be a
complete orthonormal set of eigenfunctions of Hp x,. with eigenvalues E, ., € I;
for each n we denote by P, ., the one-dimensional orthogonal projection on the span
of o and set vy, , = ||<x>_2Pn,w||§ = |[{(z) " 2¢n.w||*>. Then for each ¢ €]0,1[ there
exists Cp ¢ < 00 such that for all x,y € Z? we have

lo—yl¢
||Xan,wa||2 = Ile¢n,w|H|Xy¢n,w” < CI,C,wO‘n,w<-73>2<y>2 e lvmul, (3~4)
Moreover, we have
Z U = Hoo(I) i=tr {{z) ?Pp \ 1.0(x) ?} < . (3.5)
neN

(Almost-sure pure point spectrum is well known, e.g., [FrMSS, DrK, GK1, K13].
Property SUDEC, namely (3.4) with (3.5), is a modification of Germinet’s WULE
[G]. Tt is the almost everywhere consequence (by the Borel-Cantelli Lemma) of a
a new characterization of the region of dynamical localization given by Germinet
and Klein [GK6]. SUDEC is equivalent to SULE-type properties.)

Remark. Throughout this work we characterize the localization regime using con-
sequences of the multiscale analysis. If the single site bumps of the Anderson-type
potential cover the whole space, i.e. if ), ;. u(r —i) > 6 > 0, then another option
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is available, namely the fractional moment method [AENSS], which yields exponen-
tial bounds for expectations. However at this time the fractional moment method is
not available for potentials which violate the aforementioned “covering condition.”

We now turn to the Hall conductance. Consider the switch function A(t) =
X[4,00)(t) and let A; denotes multiplication by the function A;(z) = A(z;), j = 1,2.
Given an orthogonal projection P on L?(R? dx), we set

O(P) :=tr {P[[P, A1], [P, A]]}, (3.6)
defined whenever
©(P) == [[P[[P, M], [P, Aq]]l|; < oo, (3.7)
in which case we also have
O(P) = tr {[PA1P, PAsP]}. (3.8)

Note that although O(P) is the trace of a commutator it need not be zero, because
the two summands PA; PA; P and PAs PA, P are not separately trace class.

Lemma 3.1. Let P be an orthogonal projection on L?(R? dz) such that for some
€ €]0,1], k >0, and Kp < oo we have

IXePxyly < Kp ()™ ()" o™= for all v,y € 2. (3.9)
Then:
(i) |©|(P) < C¢ K% for some constant Ce¢ independent of P, and ©(P) is well
defined.
(ii) Given s € R, let A®)(t) = A(t — s) and A;S)(x) = A®)(x;), j = 1,2. Set
O,s(P) =tr {P HP, AY)} , [P, Aés)” }, r,s € R. Then O, ,(P) is well defined as
in (i), and O, ,(P) = O(P).
(iii) Let Q be another orthogonal projection on L?(R? dx), such that Q commutes

with P and also satisfies (3.9) with some constant K¢g. Then P+Q is an orthogonal
projection satisfying (3.9) with constant Kp1g = Kp + Kg, and we have

(P +Q) =0(P)+0(Q). (3.10)

Remark. (i) is similar to statements in [AvSS, AG], (ii) and (iii) are well-known
[AvSS, BeES, AG]. We provide a short proof in our setting; the precise form of
the bound in (3.9) is important for Lemma 3.2. Lemma 3.1 remains true if A is
replaced by any monotone ”switch function,” with A(t) — 0,1 as t — —o0, 400,
with essentially the same proof.

Proof. If x € Z* we have Ajx, = A(z;)Xs, j = 1,2, and hence, if 197 > 0 we
get Xz[P, A1lxy = (A(y1) — A(z1))xaPxy = 0. If 2191 < 0, we have |7 — y1| >
31211 4+ §[y1|S. Thus it follows from (3.9) that for all z,y € Z* we have
|€

I[P, Mlxyll, < Kp (@)™ (y)* e ilol il =3leap (3.11)

and, similarly,
I[P, Aclxy [l < Kp (o) ()™ o sl el =sler
We conclude that
IPIP, AP Aol < Y IelP Myl Iy [P A, < CLER < oo, (3.13)

z,y,2€Z2

<. (3.12)
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where C} is a finite constant independent of P, and similarly || P[P, As][P, A4]||; <
C1K?%. Part (i) follows.

The only nontrivial item in (iii) is (3.10). It follows from (3.6), cyclicity of the
trace, and the fact that P[Q,A;] = —PA;Q for j =1,2.

The proof of (i) clearly applies also to O, s(P); we only need to show that
©, s(P) = ©(P). This will follow if we can show that

tr {P[[Pv Fl] ’ [Pv GZH} = tI‘{PHP, Gl] ’ [Pv FQH} =0, (314)

if F=A® —AG) and G = A" for some s,5',5” € R, with Fj(z) = F(z;),

Gj(xz) = G(zj), j = 1,2. If we write a trace without a comment, as in (3.14), we

are implicitly stating that it is well defined by the argument in (3.11)-(3.13).

We have
tr {P[[P, F1],[P,G2]]} = tr {PFi(I — P) [P,Gs]} + tr {[P,G2] (I — P)FA P}

=tr{F1(I — P)[P,Go] P+ F1P[P,Gs] (I — P)} (3.15)
=1tr {Fl [P, GQ]} = tI‘{[Flp, Gg]} .

Here F; [P, G3] = [F1P,Gs] is trace class as the sum of two trace class operators.

This can also be seen directly as follows: The function Fj(x) has compact support
in the z; direction, and using the fact that P is a projection satisfying (3.9) we get

I Pxylly < CER (@) (1)* e 3174 forallz,y €22, (3.16)
for some constant C. Since F; PG5 and G F; P may not be trace class, we introduce
a cutoff Y, (x) = x[—pn,n(22) in the x5 direction. Note

tI‘{Yn [Flp,Gg]} :tr{[YnFlP,Gg]} :07 (317)

since Y, F1 PGy and Y, G2 F1 P are trace class by (3.16) and the argument in the
proof of Lemma 3.1. Thus

tr {[F1P,G2]} = lim tr{Y, [FAP,Gs]} =0. (3.18)
The other term in (3.14) is treated in the same way, and Part (ii) is proven. O

For a given disorder A > 0, magnetic field B > 0, and energy E € Eg{;\, we
consider the Hall conductance [AvSS, ES]

UH,UJ(B’ )‘7E) = _QWi@(PB,)\,E,w)a (319)

well defined for P-a.e. w in view of Lemma 3.1(i) and (DFP), namely (3.3). The co-
variance relation (2.6) and Lemma 3.1(ii) then imply o, (B, A\, E) = 01, r,w(B, A, E)
for all @ € Z? for P-a.e. w, and hence ergodicity yields

ou(B,\,E) :=E{og o (B,\,E)} =0u.(B,\E) forP-ae. w. (3.20)

A key ingredient in justifications of the quantum Hall effect is that the Hall
conductance should be constant in intervals of localization since localized states
do not carry current [L, H, Ku, BeES|. The following lemma makes this precise
in a very transparent way: In intervals of dynamical localization the change in
the Hall conductance is given by the (infinite) sum of the Hall conductance of the
individual localized states. But the conductance of a localized state is equal to
—27miO(P), where P is the orthogonal projection on the localized state. But if P
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is a one-dimensional orthogonal projection, say on the span of unit vector v, (3.8)
yields

O(P) = (1, Ap) (¢, Aoyp) — (1, Aatp) (¥, A13p) = 0. (3.21)

Lemma 3.2. The Hall conductance o (B, \, E) is constant on connected compo-
nents ongfA, that is, if [E1, Es] C ng)\ we must have o (B, \, E1) = oy (B, A\, Es).

Proof. It I = [E4, E5] C EBB\, we apply property (SUDEC) in I for the P-a.e. w for
which we have (3.4) and (3.5). Given a (finite or infinite) subset M of the index
set N, we set Paro = Y, ¢ Pow; it follows that we have condition (3.9) for Pas .,
for kK =2 and all ¢ €]0, 1] with constant

KPM,w = CI,C,w Z Onw < CI,(,w ,uw(I) < o0. (322)
neM

Since Pp g, Es).w = PBAE2w — PBA B, w, it follows from Lemma 3.1, (i) and
(iii), that it suffices to prove that

@(PB1>\7]E17E2],UJ) = 0. (323)
But again using Lemma 3.1, (i) and (iii), taking M = {1,2...,m} C N, we have
O(Ppa o)) = O(Puw) = O(Pary) + O(Panan ) (3.24)
= Z O(Pnw) + @(P(N\M),w)~
n=1

Since by Lemma 3.1(i), (3.22) and (3.5) we have

o 2
|®(P(N\M),w)| S CC (CI,C,w Z an,w> —0 asm — o0, (325)
n=m-+1
we conclude that
G(PBM\;]El,Esz) = i G(Pn,w) =0 (3'26)
n=1
in view of (3.21). O

Remark. The constancy of the Hall conductance in intervals of localization is
known for lattice Hamiltonians with eigenvalues of finite multiplicity [BES, AG,EGS].
Since do not rule out eigenvalues of infinite multiplicity for random Landau Hamil-
tonians, we must take subsets of eigenfunctions, not of the interval I. The crucial
estimate is thus (3.22), a consequence of property (SUDEC).

In the next lemma, we calculate the value of the Hall conductance in the spectral
gaps between the bands under the disjoint bands condition.

Lemma 3.3. Under the disjoint bands conditions (2.9) we have oy (B,\,E) =n
if E € Gn(B,A) for alln=0,1,2....

Proof. Tt is well known that oy (B,0,E) =nif E €]|B,,, By41[ foralln =0,1,2...
[AvSS, BeES]. Under condition (2.9), if £ € G,(B, ;) for some n € {0,1,2...}
we can find Ap > A\ such that E € G,(B,A) for all A € I = [0,A\g[. We take
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w € [— My, MQ]ZQ, a set of probability one, and note that the contour I'" below and
all the constants on what follows are independent of w. We have

Py =% / Ry(z)dz forall A eI, (3.27)
r

where P\ = Pp ) pw, Ra(2) = (Hpxw — 2)7 ', and T is a bounded contour such

that d(T',o0(Hpaw)) > n > 0 for all A € I. (Note Hg xw > B — AgM; for all
A€ 1.) We have (K1, K»,... denote constants)

Iz RA(2)Xy || < Kre K11e=¥ for all 2,y € 22,2 € T, A € 1, (3.28)

|Rx(2) Xzl < Ko forallz € Z?, 2z €T, A €1, (3.29)

where (3.28) is the Combes-Thomas estimate (e.g., [GK2, Corollary 1]) and (3.29)
is in [BoGKS, Proposition 2.1]. Combining with (3.27), we get

IxzPaxyll < K21—7|TP| e~z forall w,y € Z2, X e I, (3.30)
2

Xz Paxylly < (K;‘TF') for all x,y € Z*, X € I, (3.31)

Xz Paxyll2 < Kze Ksl#=vl forall 2,y € Z2, X € 1, (3.32)

where (3.32) follows from (3.30) and (3.31).
Given \, € € 1, it follows from (3.27) and the resolvent identity that

Qrg =P — Py = &2 /FRA(z)VRg(z) dz, (3.33)
with V =V, (recall |V < max{M;, M2}). Using (3.28) and (3.29), we get

IXe@rexyllz < Kae Kilo=vl for all w,y € Z2, N, € € I (3.34)

We now use an idea of Elgart and Schlein [ES]. If the potential V' had compact
support, it would follow from (3.29) that Q¢ is trace class. In this case, using
(3.8) and (3.33), we get

O(Fg) — O(Py) = tr{[Qx eA1 P, PeAaPe] + [PaxA1Qx ¢, Pe Ao Py (3.35)
+ [PAxA1 Py, Qx ¢ Ao Pe] + [PxA1 Py, P\A2Qx ¢]} = 0,

since tr[A, B] = 0 if either A or B are trace class by centrality of the trace. Our
potential V| given in (2.3), does not have compact support, so we will use an
approximation argument.

Given L > 0 and w € [fMl,Mg]ZQ, we define w(), w>L) ¢ [*Ml,MQ]ZZ by
ng) =w; if 7| < L and ng) = 0 otherwise. and w§>L) =w; — wEL) for all i € Z2.
Recalling (2.3), we set Vi, = V), Var = Voo =V =V, Pxr = Pp )\ g uww,
P)\’>L = PB7)\7E,UJ(>L) - P)\ — P,\’L, etc. We have

Q)\,>L = P)\ - P)\,L = ﬁ / RA(Z)V>LR)\7L(Z) dz. (336)
r

Moreover, it follows from (3.36) and (3.28) that

HXIQ)\ >LXy|| < K5 eng,(max{L7|a:|,0}+maX{L7\y\,0} efK5|a:fy\ (337)
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for all 2,y € Z2, X\ € I and L > 0, with a similar estimate holding in the Hilbert-
Schmidt norm by the argument used for (3.32). Using (3.6) and (3.36), we have

O(Py) — O(Px1) = tr{Qx > [[Px, A1], [Px, Ao]] + P 1 [[Qx,> 1, A1, [P, Az]]
+Py L [[Par AL [Qa sz, As]l} — 0 as L — oo, (3.38)

where the convergence to 0 is proved as follows: Since [|@Qx 1| < K¢ for all L >0
and Q> — 0 strongly as L — oo, the trace of the first term goes to 0 as L — oo.
The traces of the other two terms can be estimated as in (3.13), and converge to 0
as L — oo by an argument using (3.37) and dominated convergence.

The lemma now follows from (3.35) and (3.38).

We may now finish the proof of Theorem 2.2. Since (2.9) holds, if B, (B, ) C

=R for some n € {1,2,...} we have

|Bn_1 + AM1, By — AMs[= Gy1(B,A) U Bn(B,A) UG, (B, ) C Z34,

and hence it follows from Lemma 3.2 that the Hall conductance op (B, A, E) has
the same value on the spectral gaps G,_1(B,A) and G, (B, ), which contradicts
Lemma 3.3. Thus we must have B, (B, \) N EBB\ # () for all n € {1,2,...}, and
hence Theorem 2.2 follows from property (RDD).

4. THE APPLICABILITY OF THE MULTISCALE ANALYSIS

In order to use properties (RDL), (RDD), (DFP), and (SUDEC), we must show
that the random Landau Hamiltonian Hp x ., (A > 0) satisfy the hypotheses in
[GK1, GK5] at all energies, including the Landau levels. These were called assump-
tions or properties SGEE, SLI, EDI, IAD, NE, and W in [GK1, GK3, GK5, K13].
(Although the results in [GK1, GK5] are written for random Schrédinger operators
without magnetic fields, they hold without change with magnetic fields as long as
these hypotheses are satisfied.)

Property SGEE guarantees the existence of a generalized eigenfunction expan-
sion in the strong sense (the required trace estimate holds in expectation) and is
known for a large class of random operators which includes the random Landau
Hamiltonian (the trace estimate for Schrodinger operators with magnetic fields can
be found in [BoGKS, Proposition 2.1]).

Properties SLI, EDI, IAD, NE, and W are the requirements for a multiscale
analysis, and are properties concerning an appropriate finite volume restriction
of the random Schrédinger operator. For the random Landau Hamiltonian the
finite volumes may be the squares Ap(x) with x € Z? and L € LoN for a suitable
Ly > 1. The multiscale analysis requires the notion of a finite volume operator,
a “restriction” Hp xw.er 0f Hp e to the square Ar(x) where the “randomness
based outside the square Ar,(z)” is not taken into account. Usually the finite volume
operator is defined as an operator on L?(Af(z),dx) by specifying the boundary
condition, most commonly Dirichlet or periodic boundary condition. (In the case
of the random Landau Hamiltonian it has also been defined as an operator on the
whole space by throwing away the random coefficients “based outside the square
Ar(z)” [CoH2, W1, GK4].)

But it is not necessary to use the same boundary condition on all squares. For
the multiscale analysis it suffices to fix a scale Ly > 1, not necessarily an integer, fix
some g > 0, and define a random operator Hp x o .. on L?(AL(z),dz) for each x €
72 and L € LoN as follows: First pick a closed densely defined operator D . 1, from
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L2(Az(z),d) to L2(Az(z), dx; C?) which is an extension of the differential operator
Dpg = (—iV — A) restricted to C2°(AL(z)). Second, pick a random potential V, 1, ,
in the square Ap(z) depending only on the random variables {w;; i € Ap(z)},
and set Hp x w2 = Di,  Dpar + AVerw on L?(Ag(z),dz). Require of the
operators Dp , 1, that the resulting Hp ) o .1 have compact resolvent and satisfy
the covariance condition (but only between x and 0, not between arbitrary x and y
in Z2)

Hpwer =UsHpy s, (w),0.Us  forall z € Z2, (4.1)

where the magnetic translation U, is as in (2.4) but considered as a unitary map
from L2(AL(0),dz) to L2(AL(z),dz). Furthermore, require the following compat-
ibility conditions: If ¢ € D(Dp 4 1) with suppy C Ap_,(0), then Z,o € D(Dp),
and

IiDBarp =DpIre, IrXe,L—oVe,Lw = Xa,L—oVw, (4.2)

where Zy,: L2(AL(0),dz) — L?(R? dz) is the canonical injection: (Z1) (z) = ¢(z)
if x € AL(0), (Zry) (z) = 0 otherwise (we also use Iy, for C? valued functions).
This is equivalent to fixing the boundary condition for the operators Dp , 1 at
the square centered at 0, and using the magnetic translations to define the finite
volume operators in all other squares by (4.1); note that in the square centered at
x € Z? with side L — g the potential V. 1, is just V,,. (This also applies for “finite
volume operators” defined on the whole space, except that these operators are only
relatively compact perturbations of Hpg.)

One must then show that the properties SLI, EDI, IAD, NE, and W hold for
these finite volume operators. Only properties W (the Wegner estimate) and NE
(average number of eigenvalues) present difficulties. Property IAD (independence
at a distance) is obvious. Properties SLI (Simon-Lieb inequality) and EDI (eigen-
function decay inequality) follow from (4.1) and (4.2) as in [GK5, Theorem A.1]
(see also the discussion in [GK3, Section 4]).

If the single bump potential u in (2.3) has &, > 1, then properties W and NE
are proven for appropriate finite dimensional operators in [HuLMW] at all energies.
But if €, is small (the most interesting case for this paper in view of Corollary 2.3),
a Wegner estimate (and Assumption NE) at all energies was only known under the
rational flux condition on the unit square, namely B € 27Q [CoHK]; otherwise
a Wegner estimate was known under the hypotheses of Corollary 2.3 but only at
encrgies different from the Landau levels [CoH2, W1].

The Wegner estimate is closely connected to Holder continuity of the integrated
density of states, in fact Combes, Hislop and Klopp [CoHK] proved first a Wegner
estimate for random Landau Hamiltonians with B € 27Q, and from it derived
the Holder continuity of the integrated density of states. Combes, Hislop, Klopp
and Raikov [CoHKR] established the Holder continuity of the integrated density
of states for Hp » ., as in (2.1) with no extra hypotheses, but they did not obtain
estimates on finite volume operators, and hence no Wegner estimate.

In the next theorem we establish a Wegner estimate (and also property NE)
for the random Landau Hamiltonian as in (2.1), for an appropriate choice of finite
volume operators. Although the Wegner estimate does not follow from Hélder
continuity of the integrated density of states, we use some of the key results in
[CoHKR] to obtain the crucial estimate [CoHK, Eq. (3.1)], from which the Wegner
estimate follows as in [CoHK, Proof of Theorem 1.2].
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Let B > 0 be arbitrary; since we do not assume the rational flux condition
on the unit square, we set a length scale corresponding to squares with even (for

convenience) integer flux. We take Kp = min{k eN;k > \/g}, and set

Lp=Kp\/%, Np=LgN, and Z} = LpZ’ (4.3)

Note that L > 1 may not be an integer. We consider squares A (0) with L € Np
and identify them with the torii Ty := R?/(LZ?) in the usual way. As shown in
[CoHK, Section 4], the magnetic translations Up := {Uy,; a € Z%} form a unitary
representation of the abelian group Z%; we write l?a for the corresponding action
on L2(A(0),dz), with Up := {Uq; a € Z3}. If # € AL(0) and r < L we denote by
Kr(x) and X, the square and characteristic function in the torus Ty.

Given L € Np, we define Hp o, =D} o Dp,o,z, with Dp o 1 the restriction of
D5 to L2(AL(0),dz) with periodic boundary condition with respect to {{z. The
spectrum of Hp o still consists of the Landau levels: o(Hpo,) = o(Hp) =
{Bn;n=0,1,...}, but since Hp ¢, has compact resolvent each Landau level has
now finite multiplicity. We let Az () = Z2 N AL (x). Given L € Np we set

Hprorw=Hpor+Nor. on L2(AL(0),dz),
Vorw@ = Y.  wu(z—i), (4.4)

iEIN\Lfau (0)

where suppu C As, (0), and then define Hp ) .1 for all z € Z? by (4.1). (We
prescribed periodic boundary condition for the (free) Landau Hamiltonian at the
square centered at 0, and used the magnetic translations to define the finite volume
operators in all other squares by (4.1); in the square centered at = € Z? the potential
Vi Lw s exactly as in (4.4) except that the sum is now over ¢ € KL—% (x).) Note
that Hp x4,1,» has compact resolvent and satisfies the compatibility conditions
(4.2) for an appropriate ¢ > 0.

The following theorem establishes both property W and NE for these finite
volume operators at all energies. We write Pp xw2,0(J) = X7 (Hawar) if T C
R is a Borel set. Recall that p is the bounded density of the common probability
distribution of the w;’s.

Theorem 4.1. Fiz B > 0 and A > 0. Given a bounded interval I C R and g €]0, 1],
there exist constants Qp a1, < 00 and g1 €]0,1], and a finite scale Lp x 1,4,
such that for all subintervals J C I with |J| < np 1, L € Ng with L > L x 1.4,
and x € 72, we have

E {tr Pppwer(d)} < Qeargllplle 11727 (4.5)

Proof. In view of (4.1) it suffices to prove the theorem for z = 0.

We start by proving a lemma that will allow us to derive the theorem from the
results of [CoHKR, CoHK]. For each L € Np we set I'L = Xz, | (0)\a,_4(0) @nd fix
a function @, € C°°(R?) such that ®r(z) =1 on Ap_5(0), supp @z C Ap_3(0),
and 0 < ®p(x) <1, |V®p(x)| <5 for all z € R (Such a function always exists.)
We use @1, (V®y), and x» = X0, (0 < r < L) to denote the operators given
by multiplication by the functions ®;, V®; and y, in both L2(Ar(0),dz) and
L?(R?,dz). For convenience we set Hg , = Hpo,1., Ng = NgU{co}, Hp oo = Hp,
and so on. By Cyp ... we denote a constant depending only on the parameters

yeus
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a,b,... (we may use the same C,; . for different constants), and similarly for
constants mgp,... > 0.

Lemma 4.2. Fiz B> 0. Givenn € N and L € ﬁB, let IL,, 1, = g 1, denote the
orthogonal projection on the eigenspace corresponding to the n-th Landau level B,
for the Landaw Hamiltonian Hp . Then for all x € Ap,(0), r > 0, and L € Np
such that L > 2(Lp + r), we have

Hn,LXx,an,L = ‘I)LZEHnXx,anZL(I)L =+ 5x77n7n7L’ (46)
with the error operator £y, 1 Satisfying
I€2rm.Lll < Cn.B e mnil, (4.7)

Proof. Let L, r, and x be as in the lemma. Since all Hp ; have the same spectrum,
namely the Landau levels, we have

I / Ri(2)dz with Rp(2) = (Hpp —2) ' if L€ Np,  (4.8)

n

where 7, denotes the circle centered at B,, with radius B. Let z € 7, in view of
(4.2) we may use the smooth resolvent identity as in [GK5, Eq. (6.13)] to obtain,

XeorZLRL(2) = XapPrLILRL(2) = X2, R(2)PLZL — X2 Y1 (2),
Yi(2) == iR(2) {D(V®)Zy + I (V)" Dp,r} RL(2).
Proceeding as in [GK5, Proof of Lemma 6.4], using L > 2(Lp + 1), |Rp(2)| = %,

|z| < B, + B, and the Combes-Thomas estimate (e.g., [GK2, Theorem 1]), we
obtain

IXe.rYL(2)| < [IXar B(2)D5 [V | RL(2)[] + [Xa,r B(2) [V [Dp L RL(2)]|

(4.9)

S Cn,B ||X:n,rR(Z)FL|| S C’n,B eim"’BL. (410)
Putting together (4.8), (4.9), and (4.10) we get
Xx,an,L = Xx,rIanILq)L + S;:c,r,n,L’ (411)

with the error operator & ., ; satisfying the estimate (4.7). The lemma now
follows from (4.11). O

Using Lemma 4.2 we adapt the crucial [CoHKR, Lemma 2] to finite volume.

Lemma 4.3. Fit B>0,n€N,e>0, R>¢,andn>0. Ifk >1 and L € Np
are such that L > 2(Lp + kR), then for all x € AL (0) we have

Hn,LS(\w,EHn,L Z COHn,L(SC\w,R - nyx,mR)Hn,L + Hn,Lgn,w,LHn,Lv (412)

where Cy = Co:n,B,e,R,y > 0 15 a constant and the error operator £, ».1, = En 2,1,B.c,Ry
satisfies

||5n,ac,L|| < Cn,B,s,R,n eim"’BL- (413)

Proof. Given B,n,e, R, 1 as in the Lemma, it follows from [CoHKR, Lemma 2] that
for all K > 1 and x € R? we have

HnX:r,EHn > COHTL(X:E,R - nXI,nR)Hru CVO = CO;B,n,E,R,n > 0. (414)

(Although [CoHKR, Eq 61] is stated for discs instead of squares, (4.14) follows with
a small change in the constant Cj.)
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Let kK > 1 and L € Np be such that L > 2(Lp + kR). If x € Ar,(0), it follows
from Lemma 4.2 and (4.14) that

H’I’L,LX:E,EHTL,L = cI)LIanXa:,eHnIL(bL + gQ:a:,e,n,L
> COq)LIan(XI,R - ’rIXI,HR)HnIL(I)L + gQ;x,a,n,L (415)
= OOHn,L(Xm,R - nXm,nR)Hn,L + Er,s,R,n,n,L7

and hence we have (4.12) and (4.13) for € AL, (0). For arbitrary = € Ar(0), we
pick a, € Z% such that x — a, € A, (0) (such a, always exists). Since X, =
UayXe—a,0U;, for £ < L and U, 10, LU; = 1, 1, (4.12) and and (4.13) follows

with En o = Un,Enoan UL O
We can now finish the proof of of Theorem 4.1. Let
Vi(z) = Z u(x —1) > u” Z Xien - (4.16)
ieAs_s,(0) i€ _s,(0)

We fix R > 1+ 2§, in which case ZieT\L,é ) Xi,R > Xo,, and £ > 1, and pick
n>0suchthat nd 3 © Xiwr < 3Xo0,L- 1t follows from (4.16) and Lemma 4.3
that for all L € Ng with L > 2(Lg + kR) we have

Hn,LVLHn,L >u Cy Z I . (Xi,r — 1Xicr)Mn,p + 1y 0En .11 1,
iGJN\L,(;u (0)

u~ C
S 0

IL, . + 10, 1En L1 L > ChIL, 1 (4.17)

for L > L* for some L* = L} p_p ., < oo and C = “ 400, since the error term

En, 1, satisfies

[En ]l < 2L2Cy e pye ™ 5L (4.18)
Theorem 4.1 now follows by [CoHK, Proof of Theorem 1.2], since (4.17) for all
n=1,2,... gives the crucial estimate [CoHK, Eq. (3.1)] O

5. THE SMALL DISORDER LIMIT

Proof of Corollary 2.4. Note first that 1 < ¢y < 2 for A < A;, which we assume
from now on. Fixing B > b, we have (2.11) with Z,,(B,\) = Z,,(B) := Z,,(B, 1) for
all A and n =1,2,.... By the hypothesis on the density p, for all £ > 0 we have

n({Jul 2 e}) <0 (A (5.1)

Let Ly € N (see (4.3)), and let Hp x,0,10,0 and Vj 1., be asin (4.4) with A =1
but with vy being the common probability distribution of the random variables
{w;; i € Z?}. The spectrum of these finite volume Hamiltonians satisfies (2.8)
(appropriately modified) for each w, and hence

o0

P {U(HB,/\,O,L(),W) C U (B, —¢,Bn + E]} >P {|wl| <eifie KLO,(;H(O)}
n=1

_1N\ (Bo—d4)? _
> (1-c (1)) >1-Cy(AeY) ' L2 (5.2)

for small ()\5’1)771.
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We now apply the finite volume criterion for localization given in [GK3, Theo-
rem 2.4], in the same way as in [GK3, Proof of Theorem 3.1], with parameters (we
fix ¢ €]0,1]) nrx = §9MBA1g = 5MB.1.1,g and Q1A = QB a1g < 227 'Q11, Where
nB,1 and @Qp a1, come from Theorem 4.1. (Note that the fact that we work with
length scales L € Ny instead of L € 6N only affects the values of the constants in
[GK3, Egs. (2.16) -(2.18)].) The SLI constant v, g, is uniformly bounded in closed
intervals I if A < B. Since we are working in spectral gaps, we use the Combes-
Thomas estimate of [BCH, Proposition 3.2] (see also [KIK1, Theorem 3.5]-its proof,
based on [BCH, Lemma 3.1], also works for Schrédinger operators with magnetic
fields), adapted to finite volume as in [GK3, Section 3].

Now fix n € N, take I = Z,(B), and set Ly = Lo(n,B) to be the smallest
L € Np satisfying [GK3, Eq. (2.16)]. Let E € Z,(B), |E — B,| > 2¢, where
e =¢e(n, B,\)) > 0 will be chosen later. Then, using (5.2) and the Combes-Thomas
estimate, we conclude that condition [GK3, Eq. (2.17)] will be satisfied at energy
FEif

2
e>C3AL; ", (5.3)
Cy(Xe) ™t L;Sjtfc5\/a0 <1, (5.4)

for appropriate constants C; = Cj(n,B), j = 3,4,5, with C5 > 0. This can be
done by choosing

e=Ce\ T [log )\|% , (5.5)

with a sufficiently large constant Cg = Cg(n, B) and taking A < Ao for some
0 < Ay = A(n, B,Cg). We conclude from [GK3, Theorem 2.4] that

{E € T,(B); |E — By| > 20505 |log)\|%} c =By (5.6)

for all A < g B

The existence at small disorder of dynamical mobility edges E; (B, \), j = 1,2,
satisfying (2.24), (2.25), and (2.26) now follows from Theorem 2.1 and (5.6).

The case when eI” p(u) is bounded for some o > 0 can be treated in a similar
way. O
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