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We study generalized fractal dimensions of measures, called the Hentschel-Procaccia dimensions and
the generalized Rényi dimensions. We consider compactly supported Borel measures with finite total
mass on a complete separable metric space. More precisely we discuss in great generality finiteness
and equality of the different lower and upper dimensions for negative values of their argument q.
In particular we do not assume that the measure satisfies to the so called “doubling condition”. A
key tool in our analysis is, given a measure µ, the function g(ε), ε > 0, defined as the infimum over
all points x in the support of µ of the quantity µ(B(x, ε)), where B(x, ε) is the ball centered at x
and of radius ε. We provide counter examples to show the optimality of some criteria for finiteness
and equality of the dimensions. We also relate this work to quantum dynamics.
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1 Introduction

Generalized fractal dimensions (also called multifractal dimensions or generalized entropies) of finite
Borel measures are families of real numbers taking value in [0,+∞] and indexed by real parameter
q ∈ R. Two important families of generalized fractal dimensions are the Hentschel-Procaccia dimensions
(denoted by D+(q) for the upper dimension, D−(q) for the lower dimension) and the generalized Rényi
dimensions, which can be seen as discretized versions of the Hentschel-Procaccia dimensions (we shall
denote generalized Rényi dimensions by PcD

±(q), PD±(q), CcD
±(q), CD±(q) see below). In this article

we study these two families of dimensions for negative values of their argument: q ≤ 0. More precisely
we investigate the finiteness of these dimensions and the equivalence of the different definitions. As for
the setting, we work with positive and regular Borel measures of finite mass with compact support on a
complete separable metric space (X, %). No further condition on the measure is assumed. In particular
we do not suppose that µ satisfies to the so-called “doubling condition”. Note also that we do not resort
to the Besicovitch covering Theorem (which is only valid on more specific spaces X). The case of non
compactly supported measures will be treated in the companion paper [GT].

Interest in such families of fractal dimensions goes back, at least, to the late 50’s with the work of
Rényi on information theory [R]. For twentysome years generalized fractal dimensions are also known
in theoretical physics to enter the game of many interesting phenomena, and specially dimensions of
measures defined on attractors in dynamical systems [HP, GP, HJKPS, Cu]. Multifractal dimensions of
Gibbs measures of dynamical systems appear rigorously in numerous works, e.g. [GV, PW1, PW2, TV1,
TV2, LPV]. A fruitful multifractal formalism has been developped in this context, e.g. [Pe, BMP, O1,
Ri, Z]. In astronomy, biology, geophysics, the Hentschel-Procaccia and/or generalized Rényi dimensions
are widely used to study statistical data [Be, Ha, VBP].

In quantum dynamics, numerical computations first suggested that the Hentschel-Procaccia dimen-
sions should play a non trivial role in the phenomenon of anomolous transport [Ma]. It is recently
that these dimensions have been rigorously proved to enter the game of the transport properties of
wave-packets in quantum dynamics [BSB, BGT1, GSB1, T1]. In these works the generalized fractal
dimensions are indeed shown to influence directly the speed of the electronic transport. Concrete ex-
amples of Schödinger operators where the Hentschel-Procaccia dimensions the are either computed or
at least shown to be non zero are given in [GKT, T2, T3]. If q ∈ (0, 1) is the main regime reached by
the results of [BGT1, GSB1, T1], dimensions for negative values of q appeared in [Ma, BSB], and they
are rigorously proved to enter the play under some extra assumptions [BGT1, GSB1, T1].

However the mathematical study of these objects is fairly recent and actually not so much is known
about them, except for some particular examples. To our best knowledge most of what is known for
q 6= 1 can be found in Olsen [O1], Pesin [P], Lau and Ngai [LN], and in the recent paper of Barbaroux
and the authors [BGT2]. As for the particular point q = 1 we refer to the work of Tricot [Tr] and
Heurteaux [He] (and reference therein), and also to [BaHe, SBB, O2, BGT2].

For the purpose of this presentation we briefly recall the definition of the generalized fractal dimen-
sions we consider in this article. We shall come back to these definitions in Section 3. Set

I(q, ε) =
∫

supp µ

µ(B(x, ε))q−1dµ(x) , q ∈ R, ε > 0,

with B(x, ε) = {y ∈ X, %(x, y) ≤ ε}. The lower and upper Hentschel-Procaccia dimensions are then
defined for q 6= 1 as

D−(q) = lim inf
ε↓0

log I(q, ε)
(q − 1) log ε

and D+(q) = lim sup
ε↓0

log I(q, ε)
(q − 1) log ε

. (1.1)

We note that in general upper dimensions D+(q) and lower dimensions D−(q) are distinct (for an
example in quantum transport see [T2, T3]).

Discrete analogous of the Hentschel-Procaccia dimensions are the generalized Rényi dimensions, which
can be computed by summing either over coverings or over packings of the support of µ (suppµ). For
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a set of closed balls of radius ε, say u = B(xi, ε)i∈I , set

S(u, q, ε) =
∑
i∈I

µ(B(xi, ε))q (1.2)

(implicitely the summation is over i’s such that µ(B(xi, ε)) > 0). We assume that I is finite or countable.
The set u = (B(xi, ε))i∈I is called centered if xi ∈ suppµ for all i ∈ I. We denote by C(ε) and C(ε)

c

the set of ε-coverings and centered ε-coverings of suppµ respectively. Similarly, we denote by P(ε) and
P(ε)

c the set of ε-packings and centered ε-packings of suppµ respectively (see Section 2.3 for precise
definitions). We then define for q 6= 1 the lower and upper centered covering Rényi dimensions as

CcD
−(q) = lim inf

ε↓0

logCc(q, ε)
(q − 1) log ε

and CcD
+(q) = lim sup

ε↓0

logCc(q, ε)
(q − 1) log ε

, (1.3)

and the lower and upper centered packing Rényi dimensions as

PcD
−(q) = lim inf

ε↓0

logPc(q, ε)
(q − 1) log ε

and PcD
+(q) = lim sup

ε↓0

logPc(q, ε)
(q − 1) log ε

, (1.4)

where

Cc(q, ε) = inf
u∈C(ε)

c

S(u, q, ε) and Pc(q, ε) = sup
u∈P(ε)

c

S(u, q, ε). (1.5)

If q = 0, one recovers the box counting dimension of the support, see (3.13).
Similarly, one can define the covering and packing Rényi dimensions (denoted by CD±(q) and

PD±(q)), taking in (1.5) infimum or supremum over all ε-coverings or all ε-packings respectively. One
can observe that all dimensions defined above are positive decreasing functions of their argument q and
lower dimensions are always not bigger than the upper dimensions.

In the particular case of measures on Rd, there exists an alternative definition of Rényi dimensions
with summation over grids [P, LN, BGT2]: we shall denote these grid dimensions by GD±(q). This
definition in its spirit is close to PD±(q), for it uses disjoint cubes that may have an arbitrary small
intersection with the support of the measure. Because of that, for instance, the Lebesgue measure on
R with support [0, 1], has infinite dimensions GD+(q) and PD±(q) for any q < 0 [LN] [BGT2], while
for such a measure D±(q) = PcD

±(q) = CcD
±(q) = CD±(q) = 1 for any q ∈ R. This illustrates why

dimensions GD±(q) and PD±(q) are not relevant objects to consider in the regime of negative q’s, and
we shall not discuss these dimensions in the present paper. However let us mention how useful grids
turn out to be in the regime of positive q’s for measures on Rd, mainly because the dimensions GD±(q)
are defined in a simple way, avoiding the supremum or infimum over particular families of balls. This
has been crucial in many results presented in [BGT2].

At this stage we note that if q ≤ 0, the equality CD±(q) = CcD
±(q) = PcD

±(q) holds for any finite
Borel measure on X. It is an easy derivation that we prove in Proposition 3.6. As a consequence we shall
focus here our attention on the dimensions D±(q) and PcD

±(q), as far as negative q’s are concerned.

Basic questions about these dimensions are the following:
(a) For which q’s are these dimensions finite?
(b) What are the regularity property of these dimensions (continuity and differentiability) and their
asymptotic behaviour as q goes to ±∞?
(c) Are these definitions equivalent? In other terms, do the different definitions give rise to the same
dimensions?

In this paper we treat issues (a) and (c) for compactly supported measures with finite mass and
negative q’s. In [GT], we shall discuss (a) and (c) for non compactly supported measures with finite
mass and negative q’s. We briefly list below what can be found (to our best knowledge) in the litterature
about these three points.
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Concerning Point (a). Note that PcD
±(0) = CcD

±(0) = dim±
B(suppµ) (e.g [M]), so that in Rd,

PcD
±(q) and CcD

±(q) are finite for q ≥ 0 and compactly supported measures. If q ∈ (1,+∞) the
dimensions D±(q) and GD±(q), are known to be finite (actually non bigger than d) for any measure
on Rd (see e.g. [BGT2]). In Lau and Ngai [LN] the finiteness of PcD

±(q) for q < 0 and compactly
supported measures is discussed. They show that PcD

+(q) is either defined (i.e. finite) on R or on R+,
depending on the finitness of a quantity that we call g+ in this paper (see (2.1) below), and moreover
PcD

+(−∞) = g+. Finiteness of D±(q) for non compactly supported measure is discussed in [BGT2]
for q > 0 and in [GT] for q < 0.
Concerning Point (b). On the domain D+(q) < +∞, which is of the form ]q0,+∞[, q0 ≥ −∞, the
continuity of D+(q) and the differentiability everywhere except maybe at a countable set of points
derive from general arguments on convex functions. On the same domain D+(q) < +∞, Lipschitz
continuity of D−(q) and thus differentiability Lebesgue a.e. of the latter is proved in [BGT2] (the proof
made for measures on R extends to the general setting of the present paper).
Concerning Point (c). We first mention the general results.
- For q < 0, PcD

±(q) = CcD
±(q) is proved by Olsen [O1] on spaces X where a Besicovitch Covering

Theorem is available (it is done on Rd). We will see that it is actually a general property that holds on
any separable complete metric space.
- For q > 0, PcD

+(q) = GD+(q) is proved in [LN] (if X = Rd), and in [O1] it is shown that CcD
±(q) ≤

PcD
±(q) for q ∈ (0, 1) and PcD

±(q) ≤ CcD
±(q) for q > 1.

- For q > 1, the equality D±(q) = GD±(q) is rather immediate and can be found in [GY, P, BGT2].
- For q ∈ (0, 1) and measures on X = Rd, equality of the Hentschel-Procaccia dimensions D±(q) and
the grids dimensions GD±(q) was more difficult to obtain, requiring a substantially different proof (we
briefly comment on that around Bound (1.7) below). Equality of the dimensions has recently been
established in [BGT2], where D±(q) = GD±(q) = CD±(q) is proved. The use of the grid dimensions
GD±(q) was playing a crucial simplifying role. The proofs of [LN] and [BGT2] readily extend to get
D±(q) = GD±(q) = CD±(q) = CcD

±(q) = PcD
±(q) = PD±(q) for any q ∈ (0, 1) and measures on Rd.

To our best knowledge this is all as far as general results are concerned. We note that if, for
q > 1, CD±(q) = D±(q) fails in R2 [GY], and if, for q < 0, both equalities PcD

+(q) = GD+(q) and
D+(q) = GD+(q) fail in Rd [LN, BGT2], the intermediate regime q ∈]0, 1[ turns out to be more stable
under the change of definitions since the dimensions all coincide (at least for measures on Rd).

Further results hold if one assumes a strong condition on the measure called the doubling condition.
Let us recall the definition of a “doubling measure” or “diametrically regular” (we refer to Subsection A.1
where this condition is discussed). A Borel measure on the metric space X is said to satisfy to a doubling
condition if there exist two constants K > 1, ν > 0 such that

µ(B(x, 2ε))
µ(B(x, ε))

≤ K, (1.6)

for all x ∈ suppµ, 0 < ε ≤ ν. If a probability measure µ, on Rd, satisfies to a doubling condition then
as noticed in Olsen [O1] it is easy to get D±(q) = CcD

±(q) = PcD
±(q), for all q ∈ R (see below, and

Proposition A.4). We stress (see the remark below Theorem A.9) that we do not expect, in general,
measures that are of interest in quantum dynamical intermittency, to be doubling, while in some cases
they can be shown to belong to the class Pg(X) we shall introduce later as a generalization of the
doubling condition.

Comparison of the different Rényi dimensions, cD
±(q), PcD

±(q), GD±(q), mostly consists in geo-
metric arguments, for it reduces in most cases to comparisons of coverings, packings and grids: all these
dimensions are computed with the same sums S(u, q, ε) defined in (1.2); only the way of cutting the
support of the measure differs. Sometimes equalities are rather immediate to get, and in other cases
one has to resort to a more involved geometric theorem (like the Besicovitch covering theorem). Com-
parison with Hentschel-Procaccia dimensions D±(q) for q < 1 requires different considerations and is
more delicate, for the weight that the measure gives to balls of different size is of the most importance.

We would like in the few lines below to give an idea of what the issue is. Pick q < 0. As we will show
PcD

±(q) = CcD
±(q) in full generality, so that in order to prove D±(q) = PcD

±(q) it is enough to show



Generalized fractal dimensions on the negative axis 5

(i) D±(q) ≤ CcD
±(q) and (ii) D±(q) ≥ PcD

±(q). Pick x ∈ B(y, ε), y ∈ suppµ, ε > 0. It is then clear
that B(y, ε) ⊂ B(x, 2ε), so that immediately, for any centered ε-covering u = (B(yi, ε))i∈I and for any
q < 1,

I(q, 2ε) ≤
∑
i∈I

∫
B(yi,ε)

µ(B(x, 2ε))q−1dµ(x) ≤ S(u, q, ε),

so that D±(q) ≤ CcD
±(q) follows for q < 1. This is the easy inequality. Difficulties arise with the

converse one: is it true that D±(q) ≥ PcD
±(q) for q < 1? Pick again x ∈ B(y, ε), then note that

B(x, ε) ⊂ B(y, 2ε), so that for any centered ε-packing v = (B(yi, ε))i∈I , one has the following lower
bound:

I(q, ε) ≥
∑
i∈I

∫
B(yi,ε)

µ(B(x, ε))q−1dµ(x) ≥
∑
i∈I

µ(B(yi, ε))µ(B(yi, 2ε))q−1

≥
∑
i∈I

(
µ(B(yi, 2ε))
µ(B(yi, ε))

)q−1

µ(B(yi, ε))q. (1.7)

And one needs to prevent the ratio µ(B(yi, 2ε))/µ(B(yi, ε)) from blowing up for some yi and ε, which
would thereby destroy the bound (1.7). Of course if the measure is assumed to be doubling, then
trivially this ratio is bounded by the constant K given in (1.6), and I(q, ε) ≥ Kq−1Pc(q, ε) follows,
leading to D±(q) ≥ PcD

±(q) for any q < 1. But besides this strong assumption on the measure that
makes things trivial, what can we say? If one cannot avoid bad points (i.e. points where the ratio
µ(B(yi, 2ε))/µ(B(yi, ε)) becomes very big for some sequence of ε), at least one could try to show that,
in some sense, the set of such bad points has a small enough mass. This is what has been achieved in
the regime q ∈ (0, 1) in [BGT2] for any measure of finite mass in Rd. Unfortunately this idea does not
work at all in the regime q < 0 we want to investigate here, and the techniques developed in [BGT2] are
totally unefficient. Indeed, even a single point with zero weight can have a destroying effect on (1.7).
The main two consequences are:
1) on a technical point of view, a more involved minoration than (1.7) will be necessary (see Subsec-
tion 5.2);
2) the equality of the dimensions does not hold anymore for any measures of finite mass (unlike in
the regime q ∈ (0, 1)), and we shall exhibit the optimal condition on the measure to ensure D±(q) =
PcD

±(q) = CcD
±(q) < +∞ for all q < 0. It will hold for the class of measures Pg(X) defined in

(2.2) which of course contains the set of doubling measures; we refer the reader to Subsection A.1,
Proposition A.2 and Observation A.3 for further discussions on the link between doubling measures and
measures that belong to the class Pg(X); we explain in which extend Pg(X) is a natural extension to
the class of doubling measures.

The paper is organized as follows. In Section 2 we describe and state our main results concerning the
finiteness of the Hentschel-Procaccia dimensions and the equality with the generalized Rényi dimensions.
In Section 3 we define the generalized fractal dimensions and supply some relations between them. In
Section 4 we introduce the function g(ε), we illustrate its links to the doubling condition and derive
some basic links with the dimensions D±(q) and PcD

±(q), in particular their asymptotic behaviour at
−∞. In Section 5 we prove our main results, concerning the finiteness of the dimensions D±(q) and
their equality to PcD

±(q). In the Appendix we illustrate the link between being in Pg(X) and the
doubling condition; we also construct a measure that lies in Pg(X) but which is not doubling. We next
provide some estimates illustrating the link between Pg(R) and quantum dynamics. In Appendix B we
exhibit a family of counter examples that show the optimality of some of our criteria.
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2 Description of the main results

We describe of our main results, namely the ones concerning the Hentschel-Procaccia dimensions. Fur-
ther results and observations on the generalized Rényi dimensions will be found in Section 3. In Propo-
sition 3.6 we prove in full generality that for any q ≤ 0,

D±(q) ≤ PcD
±(q) = CcD

±(q) = CD±(q).

In the sequel we shall thus omit to refer again and again to the covering Rényi dimensions CcD
±(q)

and CD±(q). We shall use PcD
±(q) as a representative of the generalized Rényi dimensions for q ≤ 0.

A quantity of major interest in our analysis is the following function:

g(ε) = inf
x∈supp µ

µ(B(x, ε)), ε > 0.

Introduce then

g− = lim inf
ε↓0

log g(ε)
log ε

and g+ = lim sup
ε↓0

log g(ε)
log ε

. (2.1)

We note right away that as proved in Proposition 4.2, g(ε) > 0 for any ε > 0 for compactly supported
measures, so that the previous expressions make sense. Define

Pg(X) = {µ ∈M(X), µ(X) < +∞ with compact support, g+ < +∞}, (2.2)

where M(X) is the set of positive regular Borel measures on X. As shown in Proposition A.2, the
class Pg(X) contains all the doubling measures (i.e. measures satisfying to (1.6) above) with compact
support. But not all measures in Pg(X) are doubling, as shown in Subsection A.2. So g+ < +∞ can
be seen as a generalization of the doubling condition. Further generalizations are given by conditions
(H1) and (H2) in (2.6) below. We refer to Subsection A.1 for further discussions.

Our first result concerns the upper dimensions for which the picture is shown to be complete.
Theorem 2.1 Let (X, %) be a complete separable metric space, and µ ∈M(X) with compact support

and finite mass.
(i) One has

(∃q < 0, D+(q) < +∞) ⇐⇒ (∀q < 0, D+(q) < +∞) ⇐⇒ (µ ∈ Pg(X)). (2.3)

(ii) The upper dimensions coincide:

∀ q < 0, D+(q) = PcD
+(q), and D+(−∞) = PcD

+(−∞) = g+ . (2.4)

The analogue of Theorem 2.1 (i) for the packing dimensions PcD
+(q) is rather immediate and is

proved in Theorem 4.4 (and similar results for PcD
−(q)). That D+(q), resp. D−(q), is finite as soon

as g+ < +∞, resp. g− < +∞, is immediate too and is given in Theorem 4.3. The “only if” part
of Point (i), namely that (g+ = +∞) =⇒ (D+(q) = +∞), is the non trivial part and is proven in
Proposition 5.1. It follows from Point (i) that D+(q) and PcD

+(q) are simultaneously finite or infinite
in the region q < 0, depending on g+. It thus remains to prove that when finite the dimensions coincide:
this is the content of the point (ii), and it is a particular case of Theorem 2.3 below.

For some classes of measures it is known that D+(q) = D−(q) for all q ∈ R. Of course, for such
measures Theorem 2.1 then provides the full picture. However it is possible that D−(q) < D+(q) for
some (or all) q ∈ R. This is for instance what happens in quantum transport in some interesting cases
[T2, T3]. So one needs to treat the lower dimensions separately, and the situation is more complex. If,
as stated in Theorem 2.1, equality of the upper dimensions is a general property for q < 0, it is not
anymore the case for the lower dimensions. However if the upper dimensions are finite, then the picture
of Theorem 2.1 can be completed: equality holds for lower dimensions as well. This is the content of
Theorem 2.2 which follows from the more general Theorem 2.3.
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Theorem 2.2 Let (X, %) and µ as in Theorem 2.1. Assume that µ ∈ Pg(X), then upper and lower
dimensions coincide for all q ∈ [0,∞]:

∀ q ≤ 0, D±(q) = PcD
±(q), and D±(−∞) = PcD

±(−∞) = g± < +∞ . (2.5)

In other terms the set Pg(X) is the natural (and optimal) class of compactly supported measures
where the generalized fractal dimensions behave nicely: upper and lower dimensions are finite and equal
for all q ≤ 0 (including the critical point q = 0); but of course upper and lower dimensions need not to
coincide.

Harder is to study the lower dimensions D−(q) when µ 6∈ Pg(X), i.e. when g+ = +∞. We note
that concerning the finiteness of lower Rényi dimensions, the situation is quite clear: the finiteness of
PcD

−(q) is equivalent to the one of g−. However, D−(q) may be finite even if g− = +∞. It is also
possible that D−(q) < PcD

−(q) < +∞ if g+ = +∞ and g− < +∞. Such examples are provided in
Appendix B. We shall prove the following criteria for the equality of the lower dimensions:

Theorem 2.3 Let (X, %) and µ as in Theorem 2.1. Let (H1) and (H2) be the following hypotheses:

(H1) lim sup
ε↓0

log log log 1/g(ε)
log 1/ε

= 0, and (H2) lim sup
ε↓0

log log 1/g(ε)
log 1/ε

= 0. (2.6)

One has
(i) If (H1) holds then ∀q < 0, D−(q) = PcD

−(q), being finite or not, depending on the finiteness of g−.
(ii) If (H2) holds then D±(0) = PcD

±(0) = dim±
B(suppµ).

As a remark, note that

(g+ < +∞) =⇒ (H2) =⇒ (H1).

Consequently if g+ < +∞ then (2.6) holds, so that Theorem 2.2 is a corollary of Theorem 2.3. However
if the upper dimensions are infinite, i.e. if g+ = +∞, then Theorem 2.3 still provides criteria for
the equality of the lower dimensions. If g− < +∞, then the lower dimensions coincide and are finite
provided (H1) holds. Moreover, as shown in Appendix B, (H1) is optimal in this case: for any δ > 0
and q0 < 0 we construct a borelian measure on R, with g− < +∞, s.t. lim supε↓0

log log log 1/g(ε)
log 1/ε = δ and

D−(q) < PcD
−(q) < +∞ for all q ∈ [−∞, q0[.

So, as far as D−(q) is concerned, the remaining open question concerns the case g− = +∞. Since
the latter implies that g+ = +∞, we already know by Theorem 2.1 that D+(q) = +∞ for any q < 0,
and by Theorem 4.4 we also know that PcD

−(q) = PcD
+(q) = +∞ for any q < 0. What happens to

D−(q)? Is it infinite as well, or could it be finite? One may think that typically the dimensions D−(q)
should be infinite if g− = +∞, just like PcD

−(q). Below is a series of criteria, involving the behaviour
of g(ε), that force D−(q) to be infinite.

Theorem 2.4 Let (X, %) and µ as in Theorem 2.1.
(i) Assume that g− = +∞ and that

lim sup
ε↓0

log log log 1/g(ε)
log1/ε

< +∞. (2.7)

Then D−(q) = +∞ for all q < 0.
(ii) Suppose that dim+

B(suppµ) = +∞ (resp. dim−
B(suppµ) = +∞) and that

lim sup
ε↓0

log log 1/g(ε)
log 1/ε

< +∞ , (2.8)

then D+(0) = +∞ (resp. D−(0) = +∞).
(iii) Assume that for some p = 2, 3... the following condition is fulfilled:

lim sup
ε↓0

logp+2 1/g(ε)
log1/ε

< lim inf
ε↓0

logp 1/g(ε)
log1/ε

, (2.9)

where logp = log ◦ · · · ◦ log, p times. Then D−(q) = +∞ for all q < 0.
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Note that point (i) is a particular case of point (iii) where p = 1 and the right quantity is equal to
+∞. In Appendix B we give an example of a measure where g− = +∞, the limit in (2.7) is equal to
+∞ and D−(q) < +∞ for all q < 0. Condition (2.7) is thus optimal.

Remark that Points (i) and (ii) extend the results of Theorem 2.3 if PcD
−(q) turns out to be infinite.

Indeed, in this case, Points (i) and (ii) say that the limit in (H1) or (H2) needs not to be zero but only
finite, to get the equivalence (in the sense that both dimensions D−(q) and PcD

−(q) are infinite).

3 Definitions of generalized fractal dimensions and basic relations

3.1 General setup

Let (X, %) be a complete separable metric space, % being the distance on X. We denote by B(x, ε) the
closed ball centered at x and of radius ε, i.e. B(x, ε) = {y ∈ X, %(x, y) ≤ ε}. Let M(X) be the set a
positive regular Borel measures on X. The results of this paper hold under the additional assumption
that the total mass of µ is finite: µ(X) < +∞. However, it will be clear from our proofs that the results
remain unchanged if one rescales the mass of the measure µ. Thus, with no loss of generality we shall
suppose that µ is a probability measure:

µ(X) = 1. (3.1)

We denote by P(X) the set of probability measures on X:

P(X) = {µ ∈M(X), µ(X) = 1}. (3.2)

We denote by suppµ the support of the measure µ, that is the smallest closed set F such that µ(X\F ) =
0 [M]. It is well-known (e.g. [M]) that for Borel measures on a separable metric space, suppµ is a well
defined (unique) set and one has

suppµ = {x ∈ X, µ(B(x, ε)) > 0 for any ε > 0}. (3.3)

Note that with our assumptions on X and µ, one has

µ(X\suppµ) = 0. (3.4)

Recall that the functions x→ µ(B(x, ε)) are µ-measurable.

3.2 Hentschel-Procaccia dimensions D±(q)

Let µ ∈ P(X) be a probability measure on X. For q ∈ R and ε ∈ (0, 1), we consider the following
functions with values in R ∪ {+∞}:

I(q, ε) =
∫

suppµ

µ(B(x, ε))q−1dµ(x). (3.5)

We make the following important remark: thanks to (3.4), the integration over X in (3.5) actually leads
to the same value when computing I(q, ε). This fact will be used implicitely many times in the paper
when minorating I(q, ε).

Definition 3.1 (Hentschel-Procaccia dimensions) We define the following functions on R with
values in R ∪ {+∞}:

τ−(q) = lim inf
ε↓0

log I(q, ε)
log(1/ε)

, τ+(q) = lim sup
ε↓0

log I(q, ε)
log(1/ε)

, (3.6)

with the understanding that τ±(q) = +∞ if for some ε > 0, I(q, ε) = +∞. We then define the
Hentschel-Procaccia dimensions for all q ∈ R \ {1}, with value in [0,+∞], by

D−(q) = lim inf
ε↓0

log I(q, ε)
(1− q) log(1/ε)

, D+(q) = lim sup
ε↓0

log I(q, ε)
(1− q) log(1/ε)

. (3.7)



Generalized fractal dimensions on the negative axis 9

In [BGT2] basic regularity properties of these functions τ±(q) and D±(q) are proven in the case
X = R. As a matter of fact, many of results of [BGT2] can be easily generalized to any metric space
X. In particular, define q∗ = inf{q ∈ R, τ+(q) < +∞}. It is shown in [BGT2] that τ±(q) and D±(q)
are decreasing functions continuous on (q∗,+∞) and on (q∗, 1) ∪ (1,+∞) respectively. Moreover, for
any A > q∗, τ±(q) and D±(q) are Lipschitz continuous on [A,+∞) and on [A, 1)∪ (1,+∞) respectively.
(It follows directly for τ+(q), D+(q) from the convexity of τ+(q), but for the lower dimensions it is not
trivial).

3.3 Packings, coverings and generalized Rényi dimensions

To define the generalized Rényi dimensions we shall need to approximate the support of the measure
with balls of arbitrary small radius. One can do that using packings or coverings. We first describe
packings or coverings of a subset S of X (not necessarily compact), and then turn to the definition of
the dimensions.

A finite or countable family u = (B(xi, ε))i∈I is a collection of closed balls of radius ε, where xi ∈ X
and I is a set of index. For a sake of simplicity, if u = (B(xi, ε))i∈I , we shall denote by u either the
set of balls B(xi, ε), i ∈ I (i.e. the family itsef), or the union of these balls ∪i∈IB(xi, ε). With obvious
notations, we write u ⊂ u′ if the family u′ contains the family u.

Coverings. We shall say that u = (B(xi, ε))i∈I is an ε-covering of S (finite or countable) if S ⊂
∪i∈IB(xi, ε). We denote by C(ε)(S) the set of such coverings, and by C(ε)

c (S) ⊂ C(ε)(S) the set of
centered ε-coverings of S, i.e. ε-coverings for which in addition xi ∈ S for all i.

Packings. We shall say that u = (B(xi, ε))i∈I is an ε-packing of S (finite or countable) if B(xi, ε)∩S 6=
∅, i ∈ I, and B(xi, ε) ∩B(xj , ε) = ∅, i 6= j. It is a centered ε-packing if in addition xi ∈ S for all i. We
denote by P(ε)(S) the set of ε-packings, and by P(ε)

c (S) ⊂ P(ε)(S) the set of centered ε-packings.
We shall say that a centered ε-packing u ∈ P(ε)

c (S) is maximal if one cannot add to u another centered
ball of radius ε without intersecting the family u; in other terms u is a maximal centered ε-packing if
for any x ∈ S, u∪B(x, ε) does not belong to P(ε)

c (S) anymore. The set of maximal centered ε-packings
will be denoted by P(ε)

c,+(S)1.

In the sequel and throughout the paper, we shall drop the reference to the set S and write C(ε), C(ε)
c ,

P(ε), P(ε)
c , P(ε)

c,+. Note that in practice S will be the support of the measure µ. We make the following
basic observations, which will be quite useful in the sequel (see [BSa] for related observations).

Observation 3.2 Given a set S, ε > 0 and u ∈ P(ε)
c , one can complete u either to get a centered

ε-packing u′ with infinite cardinality, or to obtain a maximal centered ε-packing with finite cardinality.
In other terms, there exists u′ ∈ P(ε)

c , u ⊂ u′, such that either cardu′ = +∞, or u′ ∈ P(ε)
c,+ and

cardu′ < +∞.
Indeed, take ε > 0 and pick u a centered ε-packing: u = (B(xi, ε))i∈J . Suppose its cardinal is

finite and equal to N . Consider all the balls B(y, ε), y ∈ suppµ. If one can find such a ball so that
B(y, ε) ∩ B(xi, ε) = ∅ for any i ∈ J , then one adds it to the family u and one obtains a new centered
ε-packing with cardinality N + 1. If one cannot find such a ball B(y, ε), then that means that the
packing is maximal. Iterating this procedure leads to Observation 3.2.

It is of interest to get maximal packings because of the following link with coverings:

Observation 3.3 Let u = (B(xi, ε))i∈I be in P(ε)
c,+. Then v = (B(xi, 2ε))i∈I belongs to C(ε)

c .
As a consequence of Observation 3.2 and Observation 3.3 we get the
Lemma 3.4 A closed subset S ⊂ X is not compact if and only if for any ε > 0 small enough, one

can find a centered ε-packing of S with infinite cardinality.

P r o o f. First, recall that since X is complete, S compact is equivalent to S precompact, that is: for
any ε > 0, there exists an ε-covering of S with finite cardinality (e.g. [D]).

1 Note that P(ε)
c,+(S) is not empty according to Zorn’s Lemma.
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Suppose that S is not compact, but there exists a sequence (εk) going to zero such that for any k
there does not exist a centered εk-packing with infinite cardinality. Combining Observations 1 and 2
above implies that for each εk there exists a 2εk-covering of S with finite cardinality, and thereby for
any ε > 0. It implies that S is compact, which is impossible. Thus, the first (direct) statement of the
Lemma is proved.

Assume now that S is compact. Then for any ε > 0 there exists an ε-covering w = (B(yj , ε))j∈J of
S with finite cardinality. Let u = (B(xi, ε))i∈I ∈ P(ε)

c be any centered ε-packing of S. One observes
that each xi belongs to some B(yj , ε) and any ball of w contains at most one point xi. Therefore,
cardI ≤ cardJ < +∞ and there is no centered ε-packings with infinite cardinality.

For a measure µ ∈ P(X) and a family u = (B(xi, ε))i∈I , define, for q ∈ R, the following Rényi sums:

S(u, q, ε) =
∑
i∈I

µ(B(xi, ε)q, (3.8)

where the summation is over i’s such that µ(B(xi, ε)) > 0. We further define, for q ∈ R,

C(q, ε) = inf
u∈C(ε)

S(u, q, ε), Cc(q, ε) = inf
u∈C(ε)

c

S(u, q, ε), (3.9)

and, for q ∈ R,

P (q, ε) = sup
u∈P(ε)

S(u, q, ε), Pc(q, ε) = sup
u∈P(ε)

c

S(u, q, ε). (3.10)

Definition 3.5 (Generalized Rényi dimensions) Let q 6= 1. If V (q, ε) is one of the quantities
C(q, ε), Cc(q, ε), P (q, ε), Pc(q, ε) in (3.9) and (3.10), we define its growth exponents by

V −(q) = lim inf
ε↓0

log V (q, ε)
log(1/ε)

, V +(q) = lim sup
ε↓0

log V (q, ε)
log(1/ε)

, (3.11)

with values in [0,+∞]. We further define the associated lower and upper generalized fractal dimension
by

V D−(q) = lim inf
ε↓0

log V (q, ε)
(1− q) log(1/ε)

, V D+(q) = lim sup
ε↓0

log V (q, ε)
(1− q) log(1/ε)

, (3.12)

with values in [0,+∞]. In (3.11) and (3.12) the understanding is that V D±(q) = +∞ if for some ε > 0,
V (q, ε) = +∞. The limits in (3.11) define the numbers C±(q), C±c (q), P±(q), P±c (q) and the ones
in (3.12) define the covering, and centered covering, packing, centered packing dimensions CD±(q),
CcD

±(q), PD±(q), PcD
±(q) for q ∈ R\{1}.

Note that if q = 0, then Cc(0, ε) is the minimal number of centered balls one needs in order to cover
the set suppµ. Similarly Pc(0, ε) is the maximal number of disjoint centered balls one can find for the
set suppµ. These two numbers are known to behave the same asymptotically in ε [Fa][M]. The lower
and upper box counting dimension of the set suppµ is then defined as the common lower and upper
growth exponent of these numbers:

dim±
B(suppµ) := PcD

±(0) = CcD
±(0). (3.13)

For q = 1 the generalized Rényi dimensions are defined in a different way and are usually called
Rényi dimensions or entropy dimensions. Note that the functions V D±(q) may be discontinuous at the
point q = 1. We refer the reader to e.g. [Tr, He, BaHe, SBB, O2, BGT2] for the study of this particular
point.
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3.4 Basic relations between the different dimensions for negative q’s

Following immediately from the definitions, one has, for all q ∈ R\{1}, C±(q) ≤ C±c (q) and P±c (q) ≤
P±(q), so that if q < 1 (with reverse inequalities if q > 1):

CD±(q) ≤ CcD
±(q) and PcD

±(q) ≤ PD±(q).

As mentioned in the introduction, as far as the regime q < 0 is concerned, the dimensions PD±(q)
are not good objects to look at, for they are often infinite when the support of the measure is a strict
subset of X. We defined them for a sake of completeness, but we shall not discuss these dimensions
anymore.

Proposition 3.6 Let µ ∈ P(X) be a probability measure (we do not assume here that suppµ is
compact). For any q ≤ 0,
(i) C±(q) = C±c (q), and thus CD±(q) = CcD

±(q),
(ii) C±c (q) = P±c (q), and thus CcD

±(q) = PcD
±(q),

(iii) τ±(q) ≤ C±(q), and thus D±(q) ≤ CD±(q) (valid for q < 1).
As a consequence for q ≤ 0,

D±(q) ≤ PcD
±(q) = CcD

±(q) = CD±(q). (3.14)

Point (ii) was known in the case X = Rd [O1]. If the inequality CcD
±(q) ≥ PcD

±(q) was proved
for q ≤ 0 in [O1] in great generality, the proof of the converse was resorting to the Besicovitch covering
theorem. We propose a general and elementary proof of this fact that CcD

±(q) ≤ PcD
±(q), q ≤ 0,

using Observations 3.2 and 3.3.

P r o o f. (i) Since CcD
±(q) ≥ CD±(q) is trivial, we show the converse inequality. First observe that to

calculate C(q, ε), it is enough to consider coverings u = (B(xi, ε))i∈I such that B(xi, ε)∩ suppµ 6= ∅ for
all i ∈ I. With no loss, we thus restrict ourlselves to such coverings. Let us now pick v = (B(xi, ε))i∈I ∈
C(ε) an ε-covering of suppµ such that B(xi, ε)∩ suppµ 6= ∅ for all i ∈ I. Thus for any i ∈ I, there exists
yi ∈ B(xi, ε) ∩ suppµ such that B(xi, ε) ⊂ B(yi, 2ε). It implies that w = (B(yi, 2ε))i∈I is a centered
2ε-covering of suppµ. Note that for any q ≤ 0, S(w, q, 2ε) ≤ S(v, q, ε). As a consequence, for any q ≤ 0,
Cc(q, 2ε) ≤ C(q, ε) and thus CcD

±(q) ≤ CD±(q) which concludes the proof of the first equality.
(ii) We turn to the second one. In [O1] it is shown in full generality that for any q ≤ 0, PcD

±(q) ≤
CcD

±(q). Since the proof is short, we provide it for the reader’s convenience. Let u = (B(xi, ε))i∈I be
any centered ε-packing of suppµ and v = (B(yk, ε/2))k∈K any centered ε/2-covering of suppµ. For each
i ∈ I choose an integer k(i) such that xi ∈ B(yk(i), ε/2) and observe that if i 6= j, then k(i) 6= k(j) since
%(xi, xj) > ε. It is also clear that B(yk(i), ε/2) ⊂ B(xi, ε). Since q ≤ 0, we obtain

S(u, q, ε) =
∑
i∈I

µq(B(xi, ε)) ≤
∑

k(i),i∈I

µq(B(yk(i), ε/2)

≤
∑
k∈K

µq(B(yk, ε/2) = S(v, q, ε/2).

Since it is true for any u ∈ P(ε)
c , v ∈ C(ε/2)

c , we obtain Pc(q, ε) ≤ Cc(q, ε/2) and the desired result
follows.

Let us show the converse inequality. Take any ε > 0 and pick w = (B(xi, ε))i∈J ∈ P(ε)
c a centered

ε-packing. If it has infinite cardinality, then, since q ≤ 0, one has S(w, q, ε) ≥
∑

i∈J µ(X)q = +∞.
Therefore, Pc(q, ε) = +∞ ≥ Cc(q, 2ε) whatever Cc(q, 2ε) is (finite or not). Assume now that w has a
finite cardinality. Then, due to Observation 3.2, one can complete w to get either a centered ε-packing
with infinite cardinality, in which case, by the same reasoning as above Pc(q, ε) = +∞ ≥ Cc(q, 2ε),
or a maximal centered ε-packing w′ = (B(x′i, ε))i∈J′ . In the latter case, due to Observation 3.3,
v = (B(x′i, 2ε))i∈J′ belongs to C(2ε)

c , and one has, S(v, q, 2ε) ≤ S(w′, q, ε). It follows by (3.9) and (3.10)
that Cc(q, 2ε) ≤ Pc(q, ε). As a consequence, in any case, we have the inequality Cc(q, 2ε) ≤ Pc(q, ε) and
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thus CcD
±(q) ≤ PcD

±(q).
(iii) Let u = (B(xi, ε))i∈I be any ε-covering of suppµ. It is clear that

I(q, 2ε) ≤
∑
i∈I

∫
B(xi,ε)

(µ(B(y, 2ε))q−1dµ(y). (3.15)

As µ(B(y, 2ε)) ≥ µ(B(xi, ε)) for any y ∈ B(xi, ε), (3.15) implies for any q < 1, ε > 0 that I(q, 2ε) ≤
S(u, q, ε). Thus, I(q, 2ε) ≤ C(q, ε) and we get (iii).

4 The function g(ε) and related general results

4.1 Definition and link with the compacity of the support

Definition 4.1 Let µ ∈ P(X) be a probability measure. Define for ε > 0 the increasing function

g(ε) = inf
x∈supp µ

µ(B(x, ε)), g(ε) ∈ [0, µ(X)] = [0, 1], (4.1)

and its growth exponents, with values in [0,+∞], namely,

g− = lim inf
ε↓0

log 1/g(ε)
log(1/ε)

, g+ = lim sup
ε↓0

log 1/g(ε)
log(1/ε)

, (4.2)

with the understanding that g+ = g− = +∞ if for some ε > 0, g(ε) = 0. Among the class of compactly
supported measures, we define

Pg(X) = {µ ∈ P(X) with compact support, g+ < +∞}. (4.3)

Obviously the definition of Pg(X) above extends to measures µ ∈ M(X) of any finite mass, as it is
written in (2.2). The interesting property shared by measures in the class Pg(X) is that there exists a
finite constant A > 0 and ε0 > 0 s.t.

∀x ∈ suppµ,∀ε ≤ ε0, µ(B(x, ε)) ≥ εA . (4.4)

The bound (4.4) is crucial in order to prove to equality of Hentschel-Procaccia and generalized Rényi
dimensions. As a remark, we further note that g± ≥ supx∈suppµ γ

±(x), where γ±(x) are local exponents
of the measure µ (e.g. [BGT2]). Strict inequalities may occur.

Proposition 4.2 Let µ ∈ P(X) be a probability measure.
(i) If suppµ is compact, then g(ε) > 0 for any ε > 0.
(ii) If suppµ is not compact, then g(ε) = 0 for all ε small enough. And thus g− = g+ = +∞.

In particular if µ is compactly supported then the expressions in (4.2) make sense.

P r o o f. (i) Suppose g(ε) = 0 for some ε > 0. Then one can construct a sequence xn ∈ suppµ such
that

lim
n→∞

µ(B(xn, ε)) = 0.

Since suppµ is compact and X is complete, one can extract a convergent sub-sequence out of it :
xnk → y, y ∈ suppµ. For k0 large enough, xnk ∈ B(y, ε/2), for all k ≥ k0, and then

B(y, ε/2) ⊂ B(xnk , ε), k ≥ k0.

Hence µ(B(y, ε/2)) ≤ µ(B(xnk , ε)), k ≥ k0, and the latter goes to zero as k →∞ by construction. On
the other hand, according to (3.3) µ(B(y, ε/2)) > 0 since y ∈ suppµ. Contradiction. Hence g(ε) > 0 for
all ε > 0.
(ii) Let v = (B(xi, ε))i∈I ∈ P(ε)

c be a centered ε-packing of suppµ. Since suppµ is not compact, if ε is
small enough, v can be chosen such that its cardinal is infinite by Lemma 3.4. But∑

i∈I

µ(B(xi, ε)) ≤ µ(X) < +∞,

and thus we get that µ(B(xi, ε)) → 0, as i→∞. Hence for ε > 0 small enough, g(ε) = 0.
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4.2 Basic general relations with the dimensions D±(q) and PcD
±(q)

Theorem 4.3 Let µ ∈ P(X) be a probability measure with compact support.
i) If µ ∈ Pg(X), i.e. g+ < +∞, then for all q ≤ 0 (actually q < 1),

(1− q)g± − g+ ≤ τ±(q) ≤ (1− q)g±, and thus, g± − g+

(1− q)
≤ D±(q) ≤ g±. (4.5)

In particular, if g+ < +∞ then D±(−∞) = g±.
ii) If g+ = +∞ but g− < +∞, then the right inequalities in (4.5) hold for τ−(q) and D−(q).

P r o o f. The measure µ has compact support, so that by Proposition 4.2, g(ε) > 0. Since q − 1 < 0,
it follows that

I(q, ε) =
∫

suppµ

µ(B(x, ε))q−1dµ(x) ≤ g(ε)q−1µ(X) = g(ε)q−1.

And the right inequalities in (4.5) follow.
We turn to the left inequalities. Let ε > 0, η > 0. From the definition of g(η + ε), for any ν > 0 one

can find a point y ∈ suppµ such that µ(B(y, η + ε)) ≤ g(η + ε) + ν. One can then estimate (using the
fact that µ(X \ suppµ) = 0):

I(q, ε) ≥
∫

B(y,η)

µ(B(x, ε))q−1dµ(x) ≥
∫

B(y,η)

µ(B(y, η + ε))q−1dµ(x)

≥ (g(η + ε) + ν)q−1µ(B(y, η).

Since y ∈ suppµ, µ(B(y, η)) ≥ g(η). Letting then ν going to 0, one gets

I(q, ε) ≥ (g(η + ε))q−1g(η), ε, η > 0. (4.6)

We shall use many times this bound later in the paper. In particular, (4.6) is true for η = ε. Taking
the log and dividing by log(1/ε), yields

log I(q, ε)
log(1/ε)

≥ (1− q)
log(g(2ε))

log ε
− log g(ε)

log ε
.

The result follows.

Theorem 4.4 Let µ ∈ P(X) be a probability measure.
(i) Suppose µ has a compact support. Then for all q ≤ 0,

(−q)g± ≤ P±c (q) ≤ (1− q)g±, and thus,
−q

(1− q)
g± ≤ PcD

±(q) ≤ g±, (4.7)

with the understanding that if g+ = +∞ (resp. g− = +∞) then for all q < 0 P+
c (q) = PcD

+(q) = +∞
(resp. P−c (q) = PcD

−(q) = +∞). In particular, if g+ < +∞ (resp. g− < +∞) then PcD
+(−∞) = g+

(resp. PcD
−(−∞) = g−).

(ii) If suppµ is not compact, then PcD
±(q) = +∞ for any q ≤ 0.

P r o o f. (i) Since µ has a compact support, g(ε) > 0 by Proposition 4.2. From the definition of g(ε),
there exists x ∈ suppµ so that µ(B(x, ε)) ≤ 2g(ε). Consider the ball B(x, ε). It is a particular packing
u = (B(x, ε)) ∈ P(ε)

c of suppµ, so that for q ≤ 0

Pc(q, ε) ≥ S(u, q, ε) = µ(B(x, ε))q ≥ (2g(ε))q. (4.8)

On the other hand, note that, for any q < 1 and for any centered ε-packing u = (B(xi, ε))i∈I ∈ P(ε)
c ,

S(u, q, ε) =
∑
i∈I

µ(B(xi, ε))q =
∑
i∈I

µ(B(xi, ε))µ(B(xi, ε))q−1

≤ g(ε)q−1µ(X) = g(ε)q−1. (4.9)
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Estimates (4.8) and (4.9) lead to the desired result.
(ii) Assume that µ has a non compact support. By Lemma 3.4, for any ε > 0 small enough there exists
a centered ε-packing with infinite cardinality. This yields immediately Pc(q, ε) = +∞ for any q ≤ 0 and
thus PcD

±(q) = +∞.

5 Proofs of the main results

5.1 Necessary condition for D+(q) < +∞: Proof of Theorem 2.1 (i)

By Theorem 3.1 we already know that the condition g+ < +∞ is sufficient to get the finiteness of the
upper Hentschel-Procaccia dimensions D+(q) for all q ≤ 0 (included q = −∞). It remains to show that
g+ < +∞ is a necessary condition. This is the content of the

Proposition 5.1 Suppose that g+ = +∞. Then for any q < 0, D+(q) = +∞.

P r o o f. By Proposition 4.2, one has g(η) > 0 for any η > 0. We define, for η > 0, the increasing
finite function

f(η) = log(1/g(η)).

Suppose the proposition does not hold: there exists q < 0 such that D+(q) < +∞. Thus there exists
A > 0 finite such that

I(q, ε) ≤
(

1
ε

)A

, for all ε > 0 small enough. (5.1)

Set

B = max(2, 2/|q|), and K = 2AB/|q| .

Since g+ = +∞, we can pick 0 < η0 < 1/3 small enough so that

f(η0) > K |log η0| . (5.2)

The bound (4.6) yields for any ε ∈ (0, η0):

I(q, ε) ≥ g(η0 − ε)(g(η0))−(1+|q|) . (5.3)

By taking the log, (5.3) together with (5.1) leads to

f(ν) ≥ (1 + |q|)f(ν + ε)−A log(1/ε) (5.4)

for all ν ∈ (0, η0), ε > 0. We define now a decreasing sequence (ηk)k≥0 as follows: η0 is defined as in
(5.2), and for all k ≥ 0,

ηk+1 = ηk − εk, εk = exp
(
− |q|

2A
f(ηk)

)
.

Of course, this definition is correct only if ηk − εk > 0 for all k. We will show this is indeed the case.
Define for k ≥ 1 the numbers

Ck = η0 −
k−1∑
j=0

η
B(1+j|q|/2)
0 .

Since B = max(2, 2/|q|) and η0 ≤ 1/3, it is easy to check that Ck ≥ C∞ = η0 −
∑∞

j=0 η
B(1+j|q|/2)
0 > 0.

We shall show now that for all k ≥ 1 the following bounds hold:

ηk ≥ Ck, f(ηk) ≥ (1 + |q|/2)kf(η0). (5.5)
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First, one observes that (5.2) implies

ε0 = exp
(
− |q|

2A
f(η0)

)
≤ exp

(
|q|
2A

K log η0

)
= ηB

0 .

Thus, η1 = η0 − ε0 ≥ η0 − ηB
0 = C1 > 0 since B = max(2, 2/|q|). Next, (5.4) with ν = η1, ε = ε0 yields

f(η1) ≥ (1 + |q|)f(η0)−A log 1/ε0 = (1 + |q|/2)f(η0).

Therefore, (5.5) is true for k = 0. Assume now that (5.5) holds for all k ≤ p and show that it holds for
k = p+ 1. Since ηp > 0, the number εp is well defined and due to (5.2) and (5.5) we obtain

εp ≤ exp
(
− |q|

2A
(1 + |q|/2)pf(η0)

)
≤ η

B(1+|q|/2)p

0 ≤ η
B(1+p|q|/2)
0 .

Therefore,

ηp+1 = ηp − εp ≥ Cp − η
B(1+p|q|/2)
0 = Cp+1 > 0.

Next, (5.4) and (5.5) yield

f(ηp+1) ≥ (1 + |q|)f(ηp)−A log 1/εp = (1 + |q|/2)f(ηp) ≥ (1 + |q|/2)p+1f(η0).

We see that (5.5) hold for k = p+ 1 and thus for all k.
Now we can finish the proof of the Theorem. Since ηk ≥ Ck ≥ C∞ > 0 for all k, (5.5) implies

f(C∞) ≥ f(ηk) ≥ (1 + |q|/2)kf(η0).

Letting k go to ∞, we obtain f(C∞) = +∞. This is impossible since C∞ > 0 and thus g(C∞) > 0.
The proposition is proved.

5.2 A technical lower bound

In this subsection we derive an abstract lower bound for the integral I(q, δ). It is the basic result we
shall use in the next two subsections.

Proposition 5.2 Let q ≤ 0, and ∆, δ, ε > 0. Then, for ∆/δ large enough (depending only on q),

I(q, δ) ≥ K(q, ε, [∆/δ]) Pc(q, ε+ ∆), (5.6)

([∆/δ] denotes the integer part of ∆/δ), where{
K(q, ε,N) = exp

(
−2|q|ξN log 1/g(ε)

)
, ξ = 1

1+|q| , for q < 0,
K(0, ε,N) = exp (−1/N log 1/g(ε)) .

(5.7)

P r o o f. Let q ≤ 0, δ, ε > 0,∆ ≥ δ and set N = [∆/δ] ∈ N∗. We define η = ε+∆. Let (B(xi, η))i∈I ∈
P(η)

c be a centered η-packing of suppµ. Recalling (3.4), one has

I(q, δ) ≥
∑
i∈I

∫
B(xi,η)

µ(B(x, δ))q−1dµ(x). (5.8)

We shall prove that for any w ∈ suppµ,

A(w, q, ε, δ,N) ≡
∫

B(w,η)

µ(B(x, δ))q−1dµ(x) ≥ K(q, ε,N)µ(B(w, η))q , (5.9)
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where K(q, ε,N) is the finite positive constant defined in (5.7). Note that K(q, ε,N) is uniform in
w, which is crucial. Let k be any integer between 0 and N . Obviously, since q ≤ 0 and B(x, δ) ⊂
B(w, ε+ (k + 1)δ) for any x ∈ B(w, ε+ kδ), one has the following inequalities

A(w, q, ε, δ,N) ≥
∫

B(w, ε+Nδ)

µ(B(x, δ))q−1dµ(x) ≥
∫

B(w, ε+kδ)

µ(B(x, δ))q−1dµ(x)

≥ µ(B(w, ε+ kδ))µ(B(w, ε+ (k + 1)δ))q−1.

Therefore,

A(w, q, ε, δ,N)
µ(B(w, η))q

≥ µ(B(w, ε+ kδ))
µ(B(w, η))

(
µ(B(w, ε+ (k + 1)δ))

µ(B(w, η))

)q−1

(5.10)

for any k = 0, 1, 2, ..., N − 1. We define positive numbers

tk =
µ(B(w, ε+ kδ))
µ(B(w, η))

=
µ(B(w, ε+ kδ))
µ(B(w, ε+ ∆))

, k = 0, 1, 2, ..., N.

Note that, since w ∈ suppµ and µ(B(w, η)) ≤ 1, one has t0 ≥ µ(B(w, ε)) ≥ g(ε), and thus,

g(ε) ≤ t0 ≤ t1 ≤ ... ≤ tN =
µ(B(w, ε+ [∆/δ]δ))
µ(B(w, ε+ ∆))

≤ 1. (5.11)

Since (5.10) is true for any k = 0, 1, 2, ..., N − 1, one gets

A(w, q, ε, δ,N)
µ(B(w, η))q

≥ max
k∈[0,N−1]

tkt
q−1
k+1 ≡ L (5.12)

We would like to prevent L from becoming too small. We shall get a control from below for L using
the function g(ε). What we shall do here is actually similar in its spirit to the simple arguments that
led to Observation A.3. For q = 0 it is basically the same, as for q < 0 we derive a better (but slightly
trickier) bound. Consider first the case q < 0. Then for any k = 0, 1, · · · , N − 1 one has tkt

−(1+|q|)
k+1 ≤ L,

which yields

log tk+1 ≥
1

1 + |q|
(log tk − logL). (5.13)

We proceed to the following natural change of variables zk = log tk + (logL)/|q|. Then (5.13) leads to

zk+1 ≥ ξzk, where ξ =
1

1 + |q|
< 1 .

By a repeated use of that inequality one gets

zN ≥ ξNz0. (5.14)

Moreover from (5.11) one derives z0 = log t0 + (logL)/|q| ≥ log g(ε) + (logL)/|q| and zN ≤ (logL)/|q|.
Then (5.14) gives

logL
|q|

≥ ξN

(
log g(ε) +

logL
|q|

)
and finally

logL ≥ |q| ξN

1− ξN
log g(ε).
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Since ξ = 1/(1 + |q|) < 1, one can assume that N is large enough so that ξN < 1/2. Hence, since
log g(ε) ≤ 0, we have logL ≥ 2|q|ξN log g(ε).

As for the case q = 0, (5.13) leads to log tk+1 ≥ log tk − logL and thus

0 ≥ log tN ≥ log t0 −N logL ≥ log g(ε)−N logL ,

which implies logL ≥ 1/N log g(ε).
So depending on q < 0 or q = 0 we have{

L ≥ K1(q, ε,N) ≡ exp
(
−2|q|ξN log 1/g(ε)

)
if q < 0,

L ≥ K2(ε,N) ≡ exp (−1/N log 1/g(ε)) if q = 0. (5.15)

Clearly, putting together Inequalities (5.12) and (5.15) leads to (5.9). So for any centered η-packing
u = (B(xi, η))i∈I , combining (5.8) and (5.9) one gets, for any q ≤ 0,

I(q, δ) ≥ K(q, ε,N)
∑
i∈I

µ(B(xi, η))q,

where η = ε+ ∆. Taking the supremum other all such packings yields (5.6).

5.3 Criteria for the equality D±(q) = PcD
±(q): Proof of Theorem 2.3

P r o o f. The heart of Theorem 2.3 is Proposition 5.2. The fact that D±(q) ≤ CcD
±(q) = PcD

±(q)
for all q ≤ 0 follows from Proposition 3.6. We show the converse inequalities PcD

±(q) ≤ D±(q). To
do so, let ν > 0. Apply Proposition 5.2 with ∆ = ε, and δ = ε1+ν (hence N = [ε−ν ]). If q < 0, then
Hypothesis (H1) implies that for ν′ = ν/2 and any ε > 0 small enough,

K(q, ε, [ε−ν ]) ≥ exp
(
−2|q|e−N log ξ+ε−ν

′)
As a consequence K(q, ε, [ε−ν ]) is non smaller than some constant K∗(q, ν) > 0, uniformly in ε. A
similar lower bound is derived if q = 0 and (H2) holds: K(0, ε, [ε−ν ]) ≥ K∗(0, ν) > 0. So (5.6) yields,
for any ε > 0 small enough,

I(q, ε1+ν) ≥ K∗(q, ν)Pc(q, 2ε).

Taking the log, dividing by (1− q) log 1/ε and taking the lim inf or lim sup, one gets, for any ν > 0,

D±(q) ≥ 1
1 + ν

PcD
±(q). (5.16)

5.4 Criteria for non finiteness of D−(q): Proof of Theorem 2.4

P r o o f. Point (i). Set

ν = 1 + lim sup
ε↓0

log3 1/g(ε)
log 1/ε

.

Let q < 0, ε > 0. Apply Proposition 5.2 with ∆ = ε, δ = ε1+ν , and thus N = [ε−ν ]. Since log3 1/g(ε) ≤
(ν − 1/2) log 1/ε for ε small enough, one gets, with γ = | log ξ|,

I(q, δ) ≥ exp
(
−2|q| exp(−γ((1/ε)ν − 1) + (1/ε)ν−1/2)

)
Pc(q, 2ε) ≥ exp(−|q|)Pc(q, 2ε),

for ε small enough. Then, using that log(1/δ) = (1 + ν) log(1/ε), we obtain that,

lim inf
δ↓0

log I(q, δ)
log(1/δ)

≥ 1
1 + ν

P−c (q).
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Since g− = +∞, one knows that P−c (q) = +∞ and thus the latter inequality yields the result.
Point (ii). The proof is similar and based on the bound of Proposition 5.2 for q = 0.
Point (iii). For any p = 1, 2, ... we define

log1 u = log u, logp+1 u = log(logp u), (5.17)

assuming that u is big enough so that the argument of each logarithm is positive. We also set for
p = 0, 1, ...

exp0 u = u, exp1 u = expu, expp+1 u = exp(expp u), (5.18)

Set

lim inf
ε↓0

logp1/g(ε)
log1/ε

= α, (5.19)

Hypothesis (2.9) then reads

lim sup
ε↓0

logp+21/g(ε)
log1/ε

< α. (5.20)

We assume α 6= +∞. The proof for α = +∞ is similar.
First recall (4.8): in full generality Pc(q, ε) ≥ (2g(ε))q. It follows from Proposition 5.2, with ∆ = ε,
N = [ε/δ], that, for q < 0 and all δ, ε > 0

1
|q|

log I(q, δ) ≥ log(1/2g(2ε)))− 2ξε/δ−1 log(1/g(ε)), (5.21)

with ξ = (1 + |q|)−1. Let δ > 0, we define ε, via the relation

log(1/δ) = expp−2((1/2ε)
α−2η),

where the choice of η > 0 is fixed so that

0 ≤ lim sup
ε↓0

logp+2 1/g(ε)
log 1/ε

< α− 4η < α = lim inf
ε↓0

logp 1/g(ε)
log 1/ε

.

As a consequence, for ε small enough (depending on η), [logp 1/g(2ε)]/[log(1/2ε)] ≥ α− η, and thus

log 1/(g(2ε))
log(1/δ)

≥
expp−2((1/2ε)α−η)

log(1/δ)
= expp−2((1/2ε)

α−η)/ expp−2((1/2ε)
α−2η), (5.22)

which goes to infinity as δ → 0. On the other hand, for any ε small enough,

logp+2 1/(g(ε))
log(1/ε)

< α− 3η.

It follows that for γ = | log ξ| > 0 given, and for any ε small enough,

ξε/δ log 1/g(ε) ≤ ξε/δ expp((1/ε)
α−3η)

= exp(−γε expp−1((1/2ε)
α−2η)) expp((1/ε)

α−3η), (5.23)

the latter going to zero as δ → 0. It follows from (5.21)-(5.23) that

lim
δ↓0

log I(q, δ)
log(1/δ)

= +∞,

or in other terms D−(q) = +∞.

As a remark, we note that one can give an alternative proof of Points (i), (iii) of this Theorem in
spirit of the proof of Proposition 5.1. Namely, assuming that D−(q) < +∞ for some q < 0, one obtains
(5.4) on some sequence εn → 0. Iterating this inequality, one can show that it is incompatible with the
two conditions of the Theorem for p = 1 (g− = +∞ and (2.7)) or for p ≥ 2 ((5.19) and (5.20)).
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A More about g+

A.1 Relation with the doubling condition

Definition A.1 A measure µ ∈M(X) is said to satisfy to a doubling condition (or “µ is doubling”)
if there exist two constants K > 1, ν > 0 such that uniformly in x ∈ suppµ,

Kν(x) := sup
0<ε≤ν

µ(B(x, 2ε))
µ(B(x, ε))

≤ K, (A.1)

or equivalently, there exists a constant K > 1,

lim sup
ε↓0

[
sup

x∈supp µ

µ(B(x, 2ε))
µ(B(x, ε))

]
≤ K. (A.2)

One also says that µ is “diametrically regular”.
We first make a couple of remarks:

a) We adopt here the definition used by Olsen [O1] rather than the one used by Pesin [P] where (A.1) is
required to hold for all x ∈ X, and not only in the support of µ. Indeed such a definition dramatically
limitates the range of candidates to the doubling condition (for instance most of compactly supported
measures would not satisfy to it). Definition (A.1) (like in [O1]) sounds more natural to us.
b) In (A.1) above we used balls of radius 2ε and ε. One could equivalently consider any ratio of the
form µ(B(x, γε))/µ(B(x, ε)), with γ > 1. Indeed, once µ is shown to be doubling for one particular
γ > 1, then the same property holds for any γ > 1 [O1].
c) One can find in the litterature an alternative definition, where the bound Kν(x) ≤ K above is only
required to hold for µ-almost all x ∈ suppµ, rather than for all x ∈ suppµ (e.g. [EJJ]). Using Remark b)
above, it is not hard to see that these two points of view are actually equivalent in the case of separable
metric space. So that

(A.1) ⇐⇒ (A.2) ⇐⇒ lim sup
ε↓0

[
µ− ess.sup

µ(B(x, 2ε))
µ(B(x, ε))

]
≤ K. (A.3)

d) We stress that not all measures with compact support are doubling: see [EJJ] and Subsection A.2.
e) One can define a local version of the above doubling condition by inverting the order of the “limsup”
and the “ess.sup” in the r.h.s. of (A.3). A weak form of such a local doubling condition is introduced
in [BSa], where the ratio µ(B(x, 2ε))/µ(B(x, ε)) is allowed to grow, say logarithmically in ε. It is then
proved that any regular Borel measure on X = Rd satisfy to such a weak local doubling condition.
It is however not anymore the case if one consider the same weak condition but non local (restore the
position of the “limsup” and the “ess.sup”). Following Proposition A.2, a weak, but uniform as in (A.3),
doubling condition would actually imply (H2) in (2.6). Note that doubling conditions of local type are
not relevant for the study of generalized dimensions, for the latter are objects defined globally.

Proposition A.2
Let µ ∈ P(X) be with compact support. If µ is doubling, then µ ∈ Pg(X): that is g− ≤ g+ < +∞.

P r o o f. Fix ν > 0. Applying (A.1) n times leads to µ(B(x, ν/2n) ≥ K−nµ(B(x, ν)) for any x ∈
suppµ. On the other hand, for all ε ∈]0, ν[ one can find n such that ν2−n−1 ≤ ε ≤ ν2−n. As a
consequence

µ(B(x, ε)) ≥ µ(B(x, ν2−n−1)) ≥ K−n−1µ(B(x, ν)) ≥ 1
K

( ε
ν

)A

µ(B(x, ν)),

where A = logK/ log 2. Taking the infimum over all x ∈ suppµ yields, for all ε ∈]0, ν[,

g(ε) ≥ 1
K

( ε
ν

)A

g(ν), for any ε ∈ (0, ν),

with g(ν) > 0 by Proposition 4.2. The result follows with g+ ≤ A.
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The converse to Proposition A.2 is not true as shown by the example presented in Subsection A.2:
one can have g+ < +∞ but still the measure is not doubling. Condition g+ < +∞ can actually be
considered as a weak doubling condition. Indeed note that for any x ∈ suppµ, ε > 0 and N ∈ N∗ one
has

µ(B(x, 2ε))
µ(B(x, ε))

µ(B(x, 3ε))
µ(B(x, 2ε))

· · · µ(B(x, (N + 1)ε))
µ(B(x,Nε))

=
µ(B(x, (N + 1)ε))

µ(B(x, ε))
≤ µ(X)

g(ε)
.

So that for any ε, there exists k = k(x, ε,N), 1 ≤ k ≤ N , such that µ(B(x, (k + 1)ε))/µ(B(x, kε)) ≤
(1/g(ε))1/N = exp(1/N log(µ(X)/g(ε))). Now if for instance N ∼ log(1/ε) then the latter bound leads
to µ(B(x, (k + 1)ε))/µ(B(x, kε)) ≤ K0 < +∞ if g+ < +∞. In other terms,

Observation A.3 If µ ∈ Pg(X), then there exists K0 < +∞ such that for any ε > 0 small enough
and for any x ∈ suppµ, there exists kx,ε ∈ N, 1 ≤ kx,ε ≤ log(1/ε) such that

µ(B(x, (kx,ε + 1)ε))
µ(B(x, kx,εε))

≤ K0. (A.4)

As one can see the property g+ < +∞ for compactly supported measures is a very natural substitute
to the rather strong condition (A.1) that defines doubling measures. If the support of µ is not compact,
than the key quantity is not g(ε) anymore (since it is zero); we refer to [GT] where this situation is
handled.

Property (A.4) can be seen as a non uniform doubling condition in the sence that for each x ∈ suppµ
the radius of the balls for which µ(x, (k + 1)ε) and µ(x, kε) have comparable sizes (that is the spirit of
the doubling condition) depends on x and ε. However one recovers some (crucial) uniformity by the
fact that kx,ε is uniformly bounded in x ∈ suppµ by some (increasing) function of ε.

We note that Observation A.3 constitutes, sort of say, the foundation of our proof of the equality of
the dimensions. It does not appear clearly in the que proof of Proposition 5.2 and Theorem 2.3, because
we derive stronger results than just equality under the condition g+ < +∞: we derive the equality for
the larger classes of measures that satisfy (2.6).

As for the equivalence between Hentschel-Procaccia dimensions and generalized Rényi dimensions,
the following proposition is rather immediate.

Proposition A.4 Suppose the measure is doubling, then ∀q ≤ 0, D±(q) = PcD
±(q) = CcD

±(q).

P r o o f. One already has D±(q) ≤ PcD
±(q) = CcD

±(q), and if u = (B(xi, ε))i∈I ∈ P(ε)
c , then

I(q, ε) ≥
∑
i∈I

∫
B(xi,ε)

µ(B(x, ε))q−1dµ(x) ≥
∑
i∈I

µ(B(xi, ε))µ(B(xi, 2ε))q−1

≥ Kq−1
∑
i∈I

µ(B(xi, ε))q = Kq−1S(u, q, ε). (A.5)

Since this is true for all u ∈ P(ε)
c , one has I(q, ε) ≥ Pc(q, ε) and Proposition A.4 follows.

A.2 Example of a non doubling measure with g− < g+ < +∞
Throughout this section we mean by f(n) ∼ g(n), as n → ∞, that there exists two constants C1 and
C2 such that for n large enough C1g(n) ≤ f(n) ≤ C2g(n).

Let γ and a two positive reals. We define a measure µ on R by µ =
∑

n≥1 anδxn , where

xn = exp(− exp γn) and an = µ({xn}) = xa
n. (A.6)

Note that suppµ = (
⋃

n≥1{xn}) ∪ {0} ⊂ [0, 1]. We shall show the
Proposition A.5

(i) µ is not doubling.
(ii) One has a = g− < g+ = aeγ < +∞. In particular µ ∈ Pg(R).
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This compactly supported measure µ is a very simple example both of a measure with g− < g+ and
of a measure which is not doubling, but that still belongs to the class Pg(R), since g+ < +∞. The
latter then implies that for this measure µ one has D±(q) = PcD

±(q) for any q ≤ 0, by Theorem 2.2.

P r o o f. To show Point (i), note that for n large enough so that xn/2 > xn+1, µ(0, xn/2) =∑∞
k=n+1 ak ∼ an+1, and µ(0, xn) =

∑∞
k=n ak ∼ an. As a consequence

µ(0, xn)
µ(0, xn/2)

∼
(

xn

xn+1

)a

,

which goes to infinity as n goes to infinity. Hence lim supε↓0[µ(0, 2ε)/µ(0, ε)] = +∞, and µ is not
doubling.
We turn to Point (ii). Let ε > 0. There exists a unique n such that xn+1 ≤ ε < xn. Note that at the
point x = 0 one has

µ(−ε, ε) =
∞∑

k=n+1

ak ∼ an+1 = xa
n+1. (A.7)

One easily sees that g(ε) = infx∈supp µ µ(x− ε, x+ ε) = µ(−ε, ε). Indeed if x = xk with k ≥ n+ 1 then
clearly µ(xk − ε, xk + ε) ≥ µ(0, ε) = µ(−ε, ε), and if k ≤ n, then µ(xk − ε, xk + ε) ≥ µ({xk}) = ak ≥
an >> an+1, and thus by (A.7), µ(xk − ε, xk + ε) ≥ µ(−ε, ε). As a consequence for ε ∈ [xn+1, xn) small
enough, xa

n+1 ≤ g(ε) ≤ 2xa
n+1. Thus,

a log 1/xn+1 − log 2
log 1/xn+1

≤ log 1/g(ε)
log 1/ε

≤ a log 1/xn+1

log 1/xn
= aeγ ,

and a ≤ g− ≤ g+ ≤ aeγ . Since the left and right bound are reached for particular sequences εn = xn+1

and εn = xn/2 respectively, it implies that g− = a and g+ = aeγ .

A.3 The quantity g+ and quantum dynamics

Let H be a self-adjoint operator acting on a Hilbert space H, and U(t) = e−iHt the strongly continuous
one parameter unitary group generated by H. We denote by D(H) ⊂ H the domain of H. The example
to keep in mind is H a Schrödinger operator acting either on `2(Zd) or L2(Rd). The goal is to study
the time behaviour of the solution ψt of the Schrödinger equation −i∂tψt = Hψt, with initial condition
ψt=0 = ψ ∈ D(H) of norm 1. The solution exists by the spectral theorem and is given by ψt = U(t)ψ.
We shall denote by µ the spectral measure associated to the initial state ψ: it is a Borel measure on R.

We want to investigate the dynamical quantities of the system through the moments of the wave-
packet ψt. To do that, we first need to specify a bite more what our setting is. While it is very possible
to investigate moments with respect to any orthonormal basis of the Hilbert space H, we are mostly
interested in operators coming from quantum mechanics, and more precisely, in Schrödinger operators
acting on H = `2(Zd) or H = L2(Rd). Thus moments should refer to “physical position operators” 〈X〉p
(namely: multiplication by 〈x〉p), rather than to an abstract basis2, where for x ∈ Zd or Rd we use the
following notations

〈x〉 =
√

1 + |x|2 and (〈X〉ψ)(x) = 〈x〉ψ(x), ψ ∈ H. (A.8)

In the continuous case H = L2(Rd) we assume that the potential satisfies to the following regularity
property: V = V (1) + V (2), with 0 ≤ V (1) ∈ L1

loc(R,dx), and V (2) is relatively −∆ form-bounded with
relative bound < 1. To fix notations we thus require the existence of two constants Θ1 < 1 and Θ2 such
that

∣∣〈ψ, V (2)ψ〉
∣∣ ≤ Θ1‖∇ψ‖2 + Θ2‖ψ‖2, for all ψ ∈ D(∇).

2 In the discrete case H = `2(Zd), these two points of view coincide if one considers the orthonormal basis (δn)n∈Zd .

Then Position operators are given by 〈X〉p =
∑

n∈Zd 〈n〉
p〈δn, ·〉δn.
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Definition A.6 (Moments and transport exponents) For p ∈]0,+∞[, we define the (time-
averaged) moment of order p, with initial state ψ and at time T > 0, M(p, ψ, T ), and the corresponding
(normalized) lower and upper transport exponents, β±(p, ψ), as

M(p, ψ, T ) =
1
T

∫ T

0

〈ψt, 〈X〉pψt〉dt , β±(p, ψ) = lim
T↑∞

sup
inf

log M(p, ψ, T )
p log T

. (A.9)

Note that we implicitely assume that ψt belongs to the domain of 〈X〉p for all time t.
As a general result: Let f ∈ C∞c (R), and ψ = f(H)χ0. In particular the support of µ is compact. For

such ψ’s the solution ψt belongs to the domain of 〈X〉p for all p > 0 and t ∈ R. Moreover one has (i)
β±(p, ψ) are increasing functions of p; (ii) ∀p > 0, β±(p, ψ) ∈ [0, 1]. The main result of [BGT1] reads:

Theorem A.7 Let f ∈ C∞c (R), and ψ = f(H)χ0. For all p > 0, there exists a finite constant
Cp > 0, such that

M(p, ψ, T ) ≥
(

Cp

log T
Iµψ (q, T−1)

) 1
q

, q =
1

1 + p/d
. (A.10)

As a consequence, for all p > 0,

β±(p, ψ) ≥ 1
d
D±(q) , q =

1
1 + p/d

. (A.11)

For previous works on lower bounds. A generalized version of Theorem A.7 that takes into account
the space behaviour of generalized eigenfunctions is obtained in [T1]. Under further assumptions on
generalized eigenfunctions the lower bound β±(p, ψ) ≥ 1

dD
±(1− p) is obtained in [BGT1, T1].

The quantity g+ < +∞ enables one to control from below the generalized fractal dimensions D±(q).
In the regime q < 0 we obtained the bound (4.5). In the regime q ∈]0, 1[ (which is the range of
applicability of Theorem A.7 above) a slightly better bound can be obtained: rewriting [T1, Theorem 4.5]
in terms of the quantities g±, one gets the

Theorem A.8 Assume that g+ < +∞ (so D±(0) = dim±
B(suppµ)). Then for all q ∈]0, 1[,

dim±
B(suppµ)− qg+

1− q
≤ D±(q) ≤ dim±

B(suppµ)
1− q

. (A.12)

We would like now to show that results of [GKT] actually provide a control on g+. For a given
operator H on `2([1,+∞)), resp. L2([0,+∞)), we define the transfer matrices T (E, x, y) between sites
y and x as:

T (E, x, y) =
(
u0(E, x+ 1) uπ/2(E, x+ 1)
u0(E, x) uπ/2(E, x)

)
, resp.

(
u′0(E, x) u′π/2(E, x)
u0(E, x) uπ/2(E, x)

)
, (A.13)

where uθ(E, x) denotes the solution of Hu = Eu, E ∈ R, satisfying uθ(E, y) = sin θ, uθ(E, y+1) = cos θ,
resp. uθ(E, y) = sin θ, u′θ(E, y) = cos θ (note that T (E, x, x) = Id). We further assume the potential V
to be polynomially bounded. We get from [GKT]:

Theorem A.9 Assume that for some γ < +∞, C < +∞, and ε0 > 0, one has ‖T (E,N, 0)‖ ≤ CNγ ,
for all N > 0 and for Lebesgue a.e. E in the ε0−neighbourhood of suppµ. Then g+

µψ
≤ 1 + 2γ.

Theorem A.9 thus provides a condition ensuring that the spectral measures of the corresponding
Schrödinger operator belong to the class Pg(X). In general we however do not have a sufficient control
on the spectral measure in order to check whether of not it also belongs to the subclass of doubling
measures. If γ = 0 in Theorem A.9, the measure can actually be shown to be doubling. In the general
case, we do not expect the measure to be doubling.

Note that combining Theorems A.8 and A.9 yields the lower bound D±(q) ≥ dim±
B

(supp µ)−q(1+2γ)

1−q ,
for q ∈]0, 1[. Applications where the suitable polynomial bound ‖T (E,N, 0)‖ ≤ CNγ is shown to hold
are provided in [GKT], featuring sparse potential models and random decaying potentials.



Generalized fractal dimensions on the negative axis 23

B Equality of the dimensions: a family of counterexamples

We fix

K > 1,
1
K

< ν < 1, and α1 > K − 1, (B.1)

some real numbers. Let us furthermore choose α2 such that α1 > α2 > 1
ν − 1. Note we have ν ∈

](1 + α2)−1, 1[. Let (an)n≥0 be sequence of real numbers, an ∈ (0, 1], so that

an+1 = exp
(
− exp a−α1

n

)
. (B.2)

And a0 is taken small enough in order to satisfy (B.6). The sequence (an) is monotone and fast
decaying. We define intervals In = [an, a

ν
n]. Note that due to the fast decay of the an’s, the intervals In

are disjoints. We further define the measure µ on each interval In as follows:

1In(x)µ(dx) = Cnρ(x)dx, ρ(x) = exp(− expx−α2), (B.3)

where 1In(x) is the characteristic function of the interval In, and the constant Cn is chosen so that

µ(In) = aKν
n , (B.4)

with Kν > 1 (by construction). The support of the measure µ consists of the union of disjoints bands
In together with the origin:

suppµ = {0} ∪
∞⋃

n=0

In ⊂ [0, 1].

We first make useful observations. Straightforward computations show that

a(K−1)ν
n ρ−1(a−ν

n ) ≤ Cn ≤ 2a(K−1)ν
n ρ−1(a−ν

n /2). (B.5)

We choose a0 small enough such that

Cn ≥ 1 , forall n ≥ 0. (B.6)

In the following we shall need the following bound: for any β > 0 for n large enough (depending on
β, α1, α2),

ρ(x) ≥ aβ
n for all x ∈ Ip, p ≤ n− 1. (B.7)

Indeed observe that since ρ(x) is increasing and ap decreasing, we have for x ∈ Ip, p ≤ n − 1: ρ(x) ≥
ρ(ap) ≥ ρ(an−1). Due to the definition of ρ(x) and an, ρ(an−1) ≥ aβ

n for any β > 0 for n large enough,
so we obtain (B.7).

Proposition B.1 For K, ν, α1 as in (B.1) and the measure µ above, one has
(i)

g− = K, and lim sup
ε↓0

log log log 1/g(ε)
log 1/ε

= α1. (B.8)

As a consequence g+ = +∞ and thus D+(q) = PcD
+(q) = +∞ by Proposition 5.1.

(ii) Moreover, one has

D−(q) = max
(
Kν|q|
1 + |q|

, 1
)

and PcD
−(q) = max

(
K|q|

1 + |q|
, 1

)
.
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Or in other terms
D−(q) = PcD

−(q) = 1 if − 1
K−1 ≤ q ≤ 0,

D−(q) = 1 < K|q|
1+|q| = PcD

−(q) if − 1
Kν−1 ≤ q < − 1

K−1 ,

D−(q) = Kν|q|
1+|q| <

K|q|
1+|q| = PcD

−(q) if q ≤ − 1
Kν−1 .

In particular D−(q) < PcD
−(q) < +∞ for q ∈ [∞,− 1

K−1 [, and D−(−∞) = Kν < K = PcD
−(−∞) =

g−.
Remark B.2 One can also construct an example, based on the one proposed above, where g− = +∞

and α1 = +∞ in (B.8), but stillD−(q) < +∞. To get such an example, it is enough to let the parameters
K, ν, α1 vary with the interval: we chose for each interval In the parameters Kn, νn, α1,n and α2,n, so
that (B.1) still holds, α1,n > α2,n are going to infinity as well as Kn, and νn is going to zero. We keep
the following relations : Knνn = γ > 1 fixed, and νn ∈](1+α2,n)−1, 1[ (so that Lemma B.4 is satisfied).
As a result, g− = limn→∞Kn = +∞ and

lim sup
ε↓0

log log log(1/g(ε))
log(1/ε)

= lim
n→∞

α1,n = +∞.

So for any q < 0, D+(q) = PcD
±(q) = +∞, but D−(q) = max(γ|q|/(1 + |q|, 1) < D−(−∞) = γ < +∞.

To prove Point (i) of Proposition B.1, we shall first show that the infimum, when computing g(ε) =
infx∈supp µ µ(x− ε, x+ ε), is obtained for x = 0.

Lemma B.3 For any ε > 0 small enough, one has g(ε) = µ([0, ε]). Moreover g(ε) ≤ CεK for some
constant C > 0.

P r o o f. For any ε > 0 one can find a unique n such that aν
n+1 < ε ≤ aν

n. We shall assume that n is
large enough so that (B.7) holds.

Since ε > aν
n+1, for any x ∈ Ip, p ≥ n + 1 we have µ([x − ε, x + ε]) ≥ µ([0, ε]) = µ([0 − ε, 0 + ε]).

Therefore, when calculating g(ε), one does not need to consider x from intervals Ip, p ≥ n + 1. It is
sufficient to take x = 0 and x ∈ Ip, p ≤ n.

Consider x ∈ Ip, p ≤ n− 1. Since ε ≤ aν
n and Cp ≥ 1, using (B.7), we obtain:

µ([x− ε, x+ ε]) = µ([x− ε, x+ ε] ∩ Ip) ≥ aβ
nε ≥ ε1+β/ν . (B.9)

We turn to the case where x ∈ In. We shall study separately the cases ε ∈]aν
n+1, an] and ε ∈]an, a

ν
n].

1) Assume aν
n+1 < ε ≤ an. Recall x ∈ In. Using (B.7), we have

µ([x− ε, x+ ε]) ≥ aβ
n+1ε ≥ aν+β

n+1 . (B.10)

Further, since ε ≤ an one has µ([0, ε]) = µ([0, aν
n+1]), and the fast decay in p of µ(Ip) = aKν

p implies, as
n goes to infinity,

µ([0, ε]) =
∞∑

p=n+1

µ(Ip) ∼ µ(In+1) = aKν
n+1, as n ↑ ∞. (B.11)

Since K > 1 one can take β small so that ν + β < Kν and (B.10)-(B.11) yield

µ([x− ε, x+ ε]) ≥ µ([0, ε]), x ∈ In, (B.12)

for n large enough, so we do not need to take into account the points x coming from In. Next, the
bound (B.11) implies µ([0, ε]) ≤ εK . Since K > 1, taking β small enough, we see from (B.9) that
µ([x− ε, x+ ε]) ≥ µ([0, ε]) for x ∈ Ip, p ≤ n− 1. Finally, as n goes to infinity,

g(ε) = µ([0, ε]) ∼ aKν
n+1 ≤ εK , ε ∈ [aν

n+1, an]. (B.13)
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2) Assume now ε ∈]an, a
ν
n] and recall x ∈ In. Observe that

µ([0, ε]) = µ([0, aν
n+1]) + µ([an, ε]). (B.14)

Since ρ is increasing µ([x, x+ ε]) ≥ µ([an, an + ε]), and thereby

µ([x− ε, x+ ε]) ≥ µ([an, an + ε]) = µ([an, ε]) + µ([ε, ε+ an]). (B.15)

Since Cn ≥ 1, due to (B.7)

µ([ε, ε+ an]) ≥ ρ(an)an ≥ aβ
n+1an ≥ a2β

n+1 ≥ a
Kν/2
n+1 ≥ µ([0, aν

n+1]), (B.16)

provided β is small enough and n large enough. The bounds (B.14)-(B.16) yield µ([x−ε, x+ε]) ≥ µ([0, ε])
for x ∈ In, and to calculate g(ε), it is thus sufficient to consider µ([0, ε]) and to compare it with
µ([x− ε, x+ ε]), x ∈ Ip, p ≤ n− 1 (bounded from below by (B.9)). Assume first that an < ε ≤ aν

n/3.
Then

µ([an, ε]) ≤ Cnρ(aν
n/3)ε ≤ 2a(K−1)ν

n ρ−1(aν
n/2)ρ(aν

n/3)ε ≤ εM , (B.17)

for any M > 0 if n is large enough. On the other hand, if ε ∈ [aν
n/3, a

ν
n], then

µ([an, ε]) ≤ µ(In) = aKν
n ≤ (3ε)K . (B.18)

Finally, (B.14), (B.17) and (B.18) imply

µ([0, ε]) ≤ 2aKν
n+1 + εM + εK ≤ 2εK , ε ∈ [an, a

ν
n]. (B.19)

Since K > 1, for β small enough K > 1 + β/ν, and (B.9) implies µ([x − ε, x + ε]) > µ([0, ε]) and thus
g(ε) = µ([0, ε]).

Proof of Proposition B.1. Concerning g−, note that Lemma B.3 implies that g− ≥ K. Consider then
the subsequence εn = aν

n. One has g(εn) = µ([0, aν
n]) ∼ µ(In) = aKν

n = εK
n , as n ↑ ∞. Therefore,

g− = K.
To show the second claim of (B.8), we need to bound g(ε) from below. First, it is clear that

g(ε) = µ([0, ε]) ≥ µ(In+1) = aKν
n+1. (B.20)

for any ε ∈ [aν
n+1, a

ν
n].

1) Assume that ε ∈ [aν
n+1, 2an]. Then (B.20) and the definition of an yield

log log 1/g(ε) ≤ log(Kν) +
1
aα1

n
≤ 2
aα1

n
,

for n large enough. Therefore,

log log log 1/g(ε) ≤ log 2 + α1 log
1
an

≤ log 2 + α1 log
2
ε
. (B.21)

2) Let now ε ∈ [2an, a
ν
n]. Since Cn ≥ 1, we can estimate:

g(ε) = µ([0, ε]) ≥ µ([an, ε]) ≥ µ([ε/2, ε]) ≥ ε/2ρ(ε/2) = ε/2 exp(− exp(2/ε)α2). (B.22)

Since α2 < α1, one can easily see that (B.21) and (B.22) imply

lim sup
ε↓0

log log log 1/g(ε)
log 1/ε

≤ α1. (B.23)
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Then, considering the sequence εn = an shows that the equality actually holds in (B.23). Indeed, due
to (B.11), one has, as n ↑ ∞,

g(εn) = µ([0, an+1]) ∼ aKν
n+1 = exp(−Kν exp(a−α1

n )) = exp(−Kν exp(ε−α1
n )). (B.24)

We turn to the second point of Proposition B.1. We note that the lower dimensions are finite since
g− = K < +∞. We first compute PcD

−(q) and show that

PcD
−(q) = max

(
K|q|

1 + |q|
, 1

)
.

We already know that PcD
−(q) ≥ g−|q|

1+|q| = K|q|
1+|q| . Note that Pc(q, ε) ≥ Pc,I0(q, ε), where Pc,I0(q, ε) stands

for the generalized Rényi sums of µ restricted to the first interval I0. One thus trivially gets Pc,I0(q, ε) ≥
Cεq−1, and thus PcD

−(q) ≥ 1. It remains to show that PcD
−(q) ≤ max( K|q|

1+|q| , 1). To that aim, pick a
sequence εn = aν

n. Then centered packings of suppµ consist of the interval [0, aν
n] plus centered packings

of the intervals Ik, k ≤ n − 1 (since for any x ∈ Ik, k ≥ n, the ball [x − εn, x + εn] contains all the
other intervals Ik, k ≥ n). We recall (B.9): for x ∈ Ip, p ≤ n− 1 one has µ([x− ε, x+ ε]) ≥ ε1+β/ν . In
addition, note that suppµ ⊂ [0, 1], so that for any centered packing of suppµ, the number of intervals
of radius εn and centered in Ik, k ≤ n− 1, is less than ε−1

n . It follows that, for any β > 0 (provided n
is large enough),

Pc(q, ε) ≤ µ([0, aν
n])q + ε−1

n ε(1+β/ν)q
n ≤ C

(
1
εn

)K|q|

+
(

1
εn

)1+(1+β/ν)|q|

.

As a consequence, for any β > 0, PcD
−(q) ≤ 1

1+|q| max(K|q|, 1 + (1 + β/ν)|q|). The result follows.

We turn to D−(q) and show that

D−(q) = max
(
Kν|q|
1 + |q|

, 1
)
.

The main part of the job is to show that D−(q) ≤ max(Kν|q|
1+|q| , 1). That is what we start with, and

to that aim, we provide a control on the integral I(q, ε) over each interval Ik: we set Jk(q, ε) :=∫
Ik
µ([x− ε, x+ ε])q−1dµ(x). We pick a sequence εn = 2an.

1) We start with the integrals Jk(q, ε) for k ≥ n + 1, and show they can be bounded by a constant.
First note that if x ∈ Ik, k ≥ n+1, then (B.7) implies µ([x− εn, x+ εn]) ≥ µ([an, 2an]) ≥ anCnρ(an) ≥
ana

β
n+1 ≥ a2β

n+1 for any β > 0 and n large enough depending on β. Now, for n large enough,∑
k≥n+1

Jk(q, εn) ≤ a
2β(q−1)
n+1

∑
k≥n+1

µ(Ik) ≤ 2a2β(q−1)
n+1 µ(In+1) = 2a2β(q−1)+Kν

n+1 (B.25)

≤ 2, (B.26)

where we took β ≤ 1/2Kν(1 + |q|)−1.
2) We now evaluate the integral Jn(q, εn) that we split in two parts: a left part Ln = [an, a

ν
n− 2an] and

a right part Rn = [aν
n − 2an, a

ν
n]. Note that for any x ∈ Ln,

µ(x− εn, x+ εn) ≥ µ(x+ εn/2, x+ εn) = Cn

∫ x+εn

x+εn/2

ρ(x)dx ≥ Cn
εn

2
ρ(x+ εn/2). (B.27)

As a consequence, on Ln = [an, a
ν
n − 2an],∫

Ln

µ(x− εn, x+ εn)q−1dµ(x) ≤ Cq
n

(εn

2

)q−1
∫

Ln

ρ(x+ εn/2)q−1ρ(x)dx. (B.28)

One has the following immediate lemma:
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Lemma B.4 Recall ν ∈](1 + α2)−1, 1[. For any q < 0, and for any n large enough (depending on ν
and q) and for all x ∈ Ln = [an, a

ν
n − 2an], one has ρ(x+ εn/2)q−1ρ(x) < 1.

P r o o f. It is clear that ρ(x+ εn/2)q−1ρ(x) < 1 is equivalent to (after taking a double log),

log(1 + |q|) +
1

x+ εn/2
<

1
x

⇐⇒ εn/2 > x
(
(1− x log(1 + |q|))−1/α2 − 1

)
∼ log(1 + |q|)

α2
x1+α2 , (B.29)

as x goes to zero (i.e. n goes to +∞). Since εn = 2an, (1 + α2)ν > 1 and x ≤ aν
n the last inequality is

true for n large enough, which proves Lemma B.4.

It thus follows from (B.27), using (B.5), that∫
Ln

µ(x− εn, x+ εn)q−1dµ(x) ≤ Cq
n

(εn

2

)q−1

aν
n ≤ aq−1

n aν+q(K−1)ν
n ρ|q|(aν

n)

≤ 1, (B.30)

for n large enough. It is on Ln = [an, a
ν
n − 2an] that the difference between the Hentshel-Proccacia and

the Rényi dimensions takes place. Instead of being large, like with Rényi sums, the part of Jn(q, εn)
computed on [an, a

ν
n − 2an] is very small. The key is the double exponential in the definition of ρ(x).

We turn to the right part of In: Rn := [aν
n−2an, a

ν
n]. On this part, one has µ(x−εn, x+εn) ≥ µ(Rn)

for any x ∈ Rn. Let us show that µ(Rn) ≥ 1/2µ(In) for n large enough. In fact,

µ(Ln) = Cn

∫
Ln

ρ(x)dx ≤ Cna
ν
nρ(a

ν
n − 2an),

and

µ(Rn) = Cn

∫
Rn

ρ(x)dx ≥ Cn

∫ aνn

aνn−an

ρ(x)dx ≥ Cnanρ(aν
n − an).

Using again Lemma B.4, with x = aν
n − 2an (and thus x + εn/2 = aν

n − an) and say q = −1, one gets
ρ(aν

n − an) > ρ(aν
n − 2an)1/2, and thereby, for n large enough,

µ(Rn) ≥ Cnanρ(aν
n − 2an)1/2 ≥ Cna

ν
nρ(a

ν
n − 2an) ≥ µ(Ln).

As a consequence, µ(Rn) ≥ 1/2µ(In) for n large enough.
We can now estimate:∫

Rn

µ(x− εn, x+ εn)q−1dµ(x) ≤ µ(Rn)q ≤ (µ(In)/2)q = C1a
qKν
n = C2ε

qKν
n (B.31)

with some finite constants C1, C2 uniform in n. Putting together (B.30) and (B.31), one gets

Jn(q, εn) =
∫

Ln

+
∫

Rn

≤ C(q)εqKν
n . (B.32)

3) We turn to Jk(q, ε), k ≤ n − 1. Recall (B.9): µ(x − εn, x + εn) ≥ ε
1+β/ν
n for any β > 0 for n large

enough. Thus,

n−1∑
k=1

Jk(q, εn) ≤ ε(1+β/ν)(q−1)
n

n−1∑
k=1

µ(Ik) ≤ Cε(1+β/ν)(q−1)
n . (B.33)

Finally, (B.26), (B.32) and (B.33) yield

I(q, εn) ≤ C(εqKν
n + ε(1+β/ν)(q−1)

n ) (B.34)
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for n large enough depending on β. As a consequence,

D−(q) ≤ 1
1 + |q|

max (Kν|q|, (1 + β/ν)(1 + |q|))

for any β > 0, and the desired inequality follows.

It remains to show the converse inequality. First, I(q, ε) ≥ J0(q, ε) =
∫

I0
µ([x− ε, x+ ε])q−1dµ(x) ≥

Cεq−1. Therefore D−(q) ≥ 1.
Now, if ε ∈ [an/2, aν

n], note that for any x ∈ In, µ([x− ε, x+ ε]) ≤ µ([0, aν
n]) =

∑n
k=0 µ(Ik) ≤ 2µ(In),

for large n. Thus, for large n,

I(q, ε) ≥ Jn(q, ε) ≥ Cµ(In)q = CaKνq
n ≥ C

(
2
ε

)Kν|q|

.

And if ε ∈ [aν
n+1, an/2], then

I(q, ε) ≥
∫

In+1

µ([x− ε, x+ ε])q−1dµ(x) ≥ Cµ(In+1)q = CaKνq
n+1

≥ C

(
1
ε

)K|q|

≥ C

(
1
ε

)Kν|q|

.

As a consequence D−(q) ≥ Kν|q|
1+|q| and the proposition is proved.
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